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Circuito Exterior, Ciudad Universitaria, CDMX, C. P. 04510. México (macias@unam.mx,
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Abstract

Given a continuum X and a positive integer n, let Cn(X) be the hyperspace
consisting of all nonempty closed subsets of X having at most n components.
For a subcontinuum A of X having empty interior, consider the following prop-
erties: A is a subcontinuum of colocal connectedness, X \ A is continuumwise
connected, A is a nonblock subcontinuum, A is a shore subcontinuum, A is not
a strong centre. In this paper, we prove that C1(X) has all of these properties
in Cn(X) if n ≥ 3, and we study when C1(X) has one of these properties in
C2(X).
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1. Introduction

For a continuum X, let Cn(X) be the hyperspace of all nonempty closed subset of X having at

most n-components endowed with the Hausdorff metric. The hyperspace Cn(X) is a continuum

[16, Corollary 1.8.12] and C1(X) is a subcontinuum of Cn(X) having empty interior [16, Theorem

6.1.9]. By [5, Lemma 3.2], Cn(X) \ C1(X) is connected for every continuum X. The aim of

this paper is to study when C1(X) is a subcontinuum of colocal connectedness, a nonblock

subcontinuum, a shore subcontinuum or is not a strong centre of Cn(X) for a continuum X.

The paper is divided in five sections, after this introduction 1 and the section of definitions 2,

we have section 3. In this section we give conditions for which C1(X) is a subcontinuum of

colocal connectedness of Cn(X) (n an integer greater than or equal to 2). For example, we show

that for n ≥ 3, C1(X) is a subcontinuum of colocal connectedness of Cn(X) (Theorem 3.1).

We also prove that the fact that C1(X) is a subcontinuum of colocal connectedness of C2(X)

implies that F1(X) is a subcontinuum of colocal connectedness of F2(X) (Theorem 3.2). We

show that for aposyndetic continua, we have that C1(X) is a subcontinuum of colocal con-

nectedness of C2(X) (Corollary 3.7). In section 4, we consider several classes of continua for

which we have that C2(X) \ C1(X) is continuumwise connected. In Theorem 4.1, we prove

that C2(X) \C1(X) is continuumwise connected if and only if F2(X) \ F1(X) is continuumwise

connected. We also demonstrate that for Wilder continua C2(X) \ C1(X) is continuumwise

connected (Corollary 4.4); the same is true for λ-dendroid without terminal subcontinua (Theo-

rem 4.13) and for compactifications of a ray with an arcwise connected continuum as remainder

such that the family of subcontinua of the ray is not dense in the hyperspace of subcontinua

of the continuum (Theorem 4.30). We prove that for an indecomposable chainable continuum

X we have that C2(X) \ C1(X) is not continuumwise connected (Corollary 4.23). In section 5,

we give sufficient conditions on a continuum X such that C1(X) is a nonblock subcontinuum

of C2(X). This is the case for the following classes of continua: continua with the property of

Kelley weakly (Theorem 5.4); indecomposable chainable continua (Theorem 5.9); indecompos-

able continua such that each composant of it is a union composant (Theorem 5.13). We show

that for decomposable continua, we have that the facts: C1(X) is a nonblock subcontinuum of

C2(X), C1(X) is a shore subcontinuum of C2(X) and C1(X) is not a strong centre of C2(X) are

equivalent (Theorem 5.15).
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2. Definitions and auxiliary results

Given a metric space X with metric d, if a ∈ X and ε > 0, then the open ball about a of radius

ε is denoted by Bd(a; ε). If A is a subset of X, then the interior of A is denoted by IntX(A), its

closure by ClX(A) and its diameter by diam(A). Also, we denote

Nd(ε;A) = {x ∈ X | d(x, a) < ε for some a ∈ A}.

A continuum is a compact connected metric space. In continuum theory, there are different

concepts related with the edge of a continuum or being of some sort of non-cut subset of a

continuum. A subcontinuum is a nonempty connected closed subset of a continuum.

Let X be a continuum and let A and B be two nonempty disjoint closed subsets of X. A

subcontinuum K of X is irreducible between A and B provided that K ∩ A 6= ∅, K ∩ B 6= ∅
and no proper subcontinuum L of K satisfies both inequalities.

A continuum X is decomposable if there exist two proper subcontinua K and L of X such

that X = K ∪ L. Also, X is hereditarily decomposable provided that each of its nondegenerate

subcontinua is decomposable. The continuum X is indecomposable provided that it is not

decomposable. In addition, X is hereditarily unicoherent if the intersection of any two of its

subcontinua is connected. A continuumX is semi-aposyndetic if for every pair of points p and q of

X, there exists a subcontinuum W of X such that {p, q}∩IntX(W ) 6= ∅ and {p, q}∩(X\W ) 6= ∅.

The continuum X is aposyndetic at a point p with respect to q, provided that there exists a

subcontinuum W of X such that p ∈ IntX(W ) ⊆ W ⊆ X \ {q}. Now, X is aposyndetic at p if

it is aposyndetic at p with respect to every point q ∈ X \ {p}. And X is aposyndetic provided

that X is aposyndetic at each of its points.

Given a continuum X, we define Professor Jones’ Set Function T as follows: if A is a subset

of X, then

T (A) = X \ {x ∈ X | there exists a subcontinuum

W of X such that x ∈ IntX(W ) ⊆W ⊂ X \A}.

Let us observe that for each subset A of X, T (A) is a closed subset of X and A ⊆ T (A). Note

that, if W is a subcontinuum of X, then T (W ) is a subcontinuum of X [18, Theorem 2.1.27].

Also, by [18, Corollary 2.1.14], T (∅) = ∅. A nonempty closed subset A of X is a T -closed set

if T (A) = A. When there is a possibility of confusion, we add a subscript to T to indicate the

continuum we are considering. More information about the set function T may be found in [18].
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Let X be a continuum. We define 2X the hyperspace of all nonempty closed subsets of X;

i.e., 2X = {A ⊆ X | A 6= ∅, A = ClX(A)}. We topologized this hyperspace with the topology

induced by the Hausdorff metric, H, given by

H(A,B) = inf{ε > 0 | A ⊆ Nd(ε;B) and B ⊆ Nd(ε;A)},

for each A,B ∈ 2X [16, Theorem 1.8.3]. If K1, . . . ,Km are nonempty subsets of X, let

〈K1, . . . ,Km〉 =
{
A ∈ 2X

∣∣∣ A ⊂ m⋃
j=1

Kj and A ∩Kj 6= ∅ for all j ∈ {1, . . . ,m}
}
.

The topology induced by the Hausdorff metric coincides with the Vietoris topology on 2X [22,

Theorem (0.13)]. A base for this topology on 2X is given by the sets of the form 〈U1, . . . , Um〉,
where U1, . . . , Um are open subsets of X. For each positive integer n, let

• Cn(X) = {A ∈ 2X | A has at most n components}.
• Fn(X) = {A ∈ 2X | |A| ≤ n}.
Note that Fn(X) ⊆ Cn(X) ⊆ 2X , for every n ∈ N. Hence, Fn(X) and Cn(X) are topological

subspaces of 2X .

Let X be a continuum and let A be a subcontinuum of X such that IntX(A) = ∅. Then

• A is a subcontinuum of colocal connectedness of X if for each open subset U of X such

that A ⊆ U , there exists an open subset V of X such that A ⊆ V ⊆ U and X \ V is

connected.

• X \ A is continuumwise connected provided that for any x, y ∈ X \ A there exists a

subcontinuum L of X \A such that x, y ∈ L.

• A is a nonblock subcontinuum of X if there exits an increasing sequence of subcontinua

{Mn}∞n=1 of X such that
⋃∞

n=1Mn is a dense subset of X \A.

• A is a shore subcontinuum of X provided that for each ε > 0, there exists a subcontinuum

L of X \A such that H(L,X) < ε.

• A is not a strong centre of X if for any nonempty open subsets U and V of X there

exists a subcontinuum M of X such that M ∩ U 6= ∅, M ∩ V 6= ∅ and M ∩A = ∅.

• A is a noncut subcontinuum of X provided that X \A is connected.

These notions are studied in the context of hyperspace of continua in [1, 9, 19].

Notation 2.1. If Z is a metric space (not necessarily a continuum), we denote by C1(Z) the

collection of all subcontinua of Z.
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Notation 2.2. Given a continuum X, a nonempty subset A of X and a point p ∈ X \ A, we

denote

κX\A(p) =
⋃
{C ∈ C1(X \A) | p ∈ C} .

Lemma 2.3. Let X be a continuum and let A be a subcontinuum of X. Then A is a nonblock

subcontinuum of X if and only if κX\A(p) (Notation 2.2) is a dense subset of X, for some

p ∈ X \A.

Proof. Suppose that A is a nonblock subcontinuum of X. Then there exists an increasing

sequence of subcontinua {Mn}∞n=1 of X \ A such that
⋃∞

n=1Mn is a dense subset of X \ A.

Hence, let p ∈M1. Note that
⋃∞

n=1Mn ⊆ κX\A(p). Thus, κX\A(p) is a dense subset of X.

Conversely, suppose that there exists p ∈ X \A such that κX\A(p) is dense. Let {Un}∞n=1 be

a countable base of X. Given n ∈ N, let Ln be a subcontinuum of X such that p ∈ Ln ⊆ X \A
and Ln ∩ Un 6= ∅. If Mn = L1 ∪ · · · ∪ Ln, then {Mn}∞n=1 is an increasing sequence of X such

that
⋃∞

n=1Mn is a dense subset of X \A; i.e., A is a nonblock subcontinuum of X. �

Next lemma follows from the definitions.

Lemma 2.4. Let X be a continuum and let A be a subcontinuum of X. Consider the following

statements:

(1) A is a subcontinuum of colocal connectedness of X;

(2) X \A is continuumwise connected;

(3) A is a nonblock subcontinuum of X;

(4) A is a shore subcontinuum of X;

(5) A is not a strong centre in X;

(6) A is a noncut subcontinuum in X.

Then item (j) implies item (k), whenever j ∈ {1, 2, 3, 4, 5}, k ∈ {2, 3, 4, 5, 6}, and j < k.

In [3], the authors gave examples where it is shown that the converse implications in Lemma 2.4

are not true, for degenerate subcontinua.

Theorem 2.5. Let X be a continuum and let A be a T -closed subcontinuum of X. If X \A is

connected, then A is a subcontinuum of colocal connectedness of X.

Proof. Let Y = X/A be the quotient space and let q : X → Y be the quotient map. Since

q|X\A : X \ A → Y \ {q(A)} is a homeomorphism, we have that Y is semi-locally connected at
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q(A) [18, Theorem 2.1.35]. Observe that Y \{q(A)} is connected. Thus, Y is colocally connected

at {q(A)}, by [24, (4.14), p. 50]. Therefore, A is a subcontinuum of colocal connectedness of

X. �

Remark 2.6. Let X be a continuum and let A be a T -closed subcontinuum of X. Observe that

in this case, by Theorem 2.5, all the properties of Lemma 2.4 are equivalent. In fact, we can

add that X \A is connected to [8, Theorem 4.15]. Also observe that it is not required that the

subcontinuum A has empty interior in Theorem 2.5.

Remark 2.7. Note that, by [5, Lemma 3.2], we have that if X is a continuum and n ∈ N, then

Cn(X) \C1(X) is always connected. Hence, C1(X) is always a noncut subcontinuum of Cn(X).

A map is a continuous function. A map f : X → Y between continua is open provided that

for each open subset U of X, f(U) is an open subset of Y . A continuum which is the inverse

limit of a sequence of arcs and open bonding maps is called Knaster continuum.

The next lemma is [19, Example 4.5].

Lemma 2.8. If X is a Knaster continuum, then F1(X) is not a subcontinuum of colocal con-

nectedness in F2(X).

The next result follows immediately from [19, Theorem 4.8].

Corollary 2.9. If X = {(x, sin( 1
x)) | x ∈ (0, 1]} ∪ ({0} × [−1, 1]), then F2(X) \ F1(X) is not

continuumwise connected.

An order arc is a map α : [0, 1]→ R, where R ∈ {2X , Cn(X)}, such that if s and t belong to

[0, 1] and s < t, then α(s) ( α(t). When it is convenient, we identify α with its image α([0, 1]).

Notation 2.10. Given A ∈ C2(X)\C1(X) and A = A1∪A2, where A1 and A2 are the components

of A, we denote GA = 〈A1, A2〉∩F2(X). By [20, Lemma 1], GA is a subcontinuum of F2(X), for

eachA ∈ C2(X)\C1(X). Also, if L is a subcontinuum of C2(X)\C1(X), let GL =
⋃
{GA |A ∈ L}.

Lemma 2.11. Let X be a continuum. Let G : C2(X) \ C1(X)→ C1(F2(X)) be given by

G(A) = GA,

for each A ∈ C2(X) \ C1(X) (Notation 2.10). Then G is a map.

Proof. Let {An}∞n=1 be a sequence in C2(X) \ C1(X) converging to A, for some A ∈ C2(X) \
C1(X). We show that limn→∞ G(An) = G(A). Let An = Cn ∪Dn, for each n ∈ N and let A =
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C ∪D. Without loss of generality, we may assume that limn→∞Cn = C and limn→∞Dn = D.

We prove that G(A) ⊆ lim inf G(An) and lim supG(An) ⊆ G(A).

• G(A) ⊆ lim inf G(An).

Let {c, d} ∈ G(A), where c ∈ C and d ∈ D. Then there exist two sequences {cn}∞n=1 and

{dn}∞n=1 such that cn ∈ Cn and dn ∈ Dn, for each n ∈ N, limn→∞ cn = c and limn→∞ dn = d. If

U is an open subset of F2(X) containing {c, d}, then there exists k ∈ N such that {cn, dn} ∈ U ,

for all n ≥ k. Since {cn, dn} ∈ G(An), G(An) ∩ U 6= ∅, for every n ≥ k. Therefore, {c, d} ∈
lim inf G(An) and G(A) ⊆ lim inf G(An).

• lim supG(An) ⊆ G(A).

Let {x, y} ∈ lim supG(An). Then there exists a sequence {{cnk
, dnk
}}∞k=1 such that {cnk

, dnk
} ∈

G(Ank
), for each k ∈ N, and limk→∞{cnk

, dnk
} = {x, y}. Since limn→∞Cn = C and limn→∞Dn =

D, {x, y} ∈ 〈C,D〉 ∩ F2(X). Thus, {x, y} ∈ G(A). Therefore, lim supG(An) ⊆ G(A).

Therefore, limn→∞ G(An) = G(A) [22, Theorem (0.7)] and G is a map. �

Corollary 2.12. Let X be a continuum. If L is a subcontinuum of C2(X) \ C1(X), then GL
(Notation 2.10) is a subcontinuum of F2(X) \ F1(X) such that L ∩ F2(X) ⊆ GL.

Proof. Note that GL =
⋃
G(L) =

⋃
{GA | A ∈ L}. Hence, by [22, Lemma (1.48)] and

Lemma 2.11, GL is a subcontinuum of F2(X). Since G(A) ∩ F1(X) = ∅, for each A ∈
C2(X) \ C1(X), we have that GL is a subcontinuum of F2(X) \ F1(X).

Now, observe that if A ∈ L ∩ F2(X), then A = {x, y}, for some x, y ∈ X and A is the unique

element of the set 〈{x}, {y}〉 ∩ F2(X). Hence, A ∈ GL and L ∩ F2(X) ⊆ GL. �

3. Colocal connectivity of C1(X) in Cn(X)

In Remark 2.7, we showed that Cn(X) \ C1(X) is connected. We begin this section showing

that for n ≥ 3, we always have that C1(X) is a subcontinuum of colocal connectedness of Cn(X).

Theorem 3.1. Let X be a continuum and let n ≥ 3. Then C1(X) is a subcontinuum of colocal

connectedness of Cn(X).

Proof. Note that, by [5, Theorem 3.9], if A0 ∈ Cn(X)\C1(X), then there exists a subcontinuum

L of Cn(X) \ C1(X) such that A0 ∈ IntCn(X)(L); i.e., C1(X) is a TCn(X)-closed set in Cn(X).

Thus, by Theorem 2.5, C1(X) is a subcontinuum of colocal connectedness of Cn(X). �

Regarding the case n = 2, we have the following:
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Theorem 3.2. Let X be a continuum. If C1(X) is a continuum of colocal connectedness in

C2(X), then F1(X) is a continuum of colocal connectedness in F2(X).

Proof. Suppose that C1(X) is a subcontinuum of colocal connectedness of C2(X). Let V
be an open subset of F2(X) such that F1(X) ⊆ V. Then there exists ε > 0 such that

NH|F2(X)
(ε;F1(X)) ⊆ V. Note that NH|C2(X)

(ε;C1(X)) is an open subset of C2(X) such that

C1(X) ⊆ NH|C2(X)
(ε;C1(X)). Thus, there exists an open subset W of C2(X) such that

C1(X) ⊆ W ⊆ NH|C2(X)
(ε;C1(X))

and C2(X) \W is connected. Observe that C2(X) \W is a continuum such that (C2(X) \W)∩
C1(X) = ∅. Let L = C2(X) \ W. By Corollary 2.12, GL is a subcontinuum of F2(X) \ F1(X)

such that L ∩ F2(X) ⊆ GL. Let U = F2(X) \ GL. Since F1(X) ∩ GL = ∅, F1(X) ⊆ U .

To see that U ⊆ NH|F2(X)
(ε;F1(X)), let {x, y} ∈ U . Since U = F2(X) \ GL and F2(X) \ GL ⊆

F2(X) \ (L ∩ F2(X)), we have that

{x, y} ∈ F2(X) \ L ⊆ C2(X) \ L =W ⊆ NH|C2(X)
(ε;C1(X)).

Thus, there exists A ∈ C1(X) such that H({x, y}, A) < ε. Note that A ⊆ Bd(x; ε) ∪ Bd(y; ε),

A ∩ Bd(x; ε) 6= ∅ and A ∩ Bd(y; ε) 6= ∅. Since A is connected, Bd(x; ε) ∩ Bd(y; ε) 6= ∅. Let

z ∈ Bd(x; ε) ∩ Bd(y; ε). Thus, H({x, y}, {z}) < ε, and {x, y} ∈ NH|F2(X)
(ε;F1(X)). Therefore,

U ⊆ NH|F2(X)
(ε;F1(X)). Since NH|F2(X)

(ε;F1(X)) ⊆ V, we obtain that U ⊆ V. �

Question 3.3. Let X be a continuum such that F1(X) is a subcontinuum of colocal connected-

ness of F2(X). Then does it follow that C1(X) is a subcontinuum of colocal connectedness of

C2(X)?

The next result follows from Theorem 3.2 and Lemma 2.8 together.

Corollary 3.4. If X is a Knaster continuum, then C1(X) is not a subcontinuum of colocal

connectedness of C2(X).

The continuum exhibited in the next example is an arcwise connected continuum X such that

C1(X) is not a subcontinuum of colocal connectedness of C2(X).

Example 3.5. Let A be convex arc in R2 between (−1, 0) and (1, 0), and for each n ∈ N,

let Ln be the convex arc in R2 between (1, 0) and (0, 1
n) and let Jn be the convex arc in R2

between (−1, 0) and (0,− 1
n). Let X = A ∪

⋃
n∈N(Ln ∪ Jn). By [19, Example 4.7], F1(X) is not

a subcontinuum of colocal connectedness of F2(X). This and Theorem 3.2 show that C1(X) is

not a subcontinuum of colocal connectedness of C2(X).
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Corollary 3.6. Let X be a continuum. Then the following are equivalent:

(1) C1(X) is a subcontinuum of colocal connectedness of C2(X);

(2) C1(X) is a TC2(X)-closed subcontinuum of C2(X).

Proof. Suppose that C1(X) is a subcontinuum of colocal connectedness of C2(X) and let A ∈
C2(X) \C1(X). Since C1(X) is a subcontinuum of colocal connectedness of C2(X), there exists

an open set U such that C1(X) ⊆ U , A ∈ C2(X) \ ClC2(X)(U) and C2(X) \ U is a continuum.

Hence, L = C2(X) \ U is a subcontinuum of C2(X) \ C1(X) such that A ∈ IntC2(X)(L).

The converse implication follows from Remark 2.7 and Theorem 2.5. �

More can be said if the continuum is aposyndetic.

Corollary 3.7. If X is an aposyndetic continuum, then we have:

(1) C1(X) is a subcontinuum of colocal connectedness of C2(X)

and

(2) F1(X) is a subcontinuum of colocal connectedness of F2(X).

Proof. By [5, Theorem 3.9], if A0 ∈ C2(X) \ C1(X), then there exists a subcontinuum L of

C2(X)\C1(X) such that A0 ∈ IntC2(X)(L); i.e., C1(X) is a TC2(X)-closed subcontinuum of C2(X).

Since, by Remark 2.7, C2(X) \ C1(X) is connected, by Theorem 2.5, C1(X) is a subcontinuum

of colocal connectedness of C2(X).

By Theorem 3.2 and the part (1) of this theorem, we have that (2) holds. �

Remark 3.8. Observe that if X is the harmonic fan [16, Example 1.7.5], X is not aposyndetic,

and it is not difficult to prove that F1(X) is a subcontinuum of colocal connectedness of F2(X).

Hence, the converse of Corollary 3.7 is not true.

Remark 3.9. Note that, by Corollary 3.7, Question 3.3 has a positive answer for aposyndetic

continua.

A continuum X is colocally connected provided that {x} is a subcontinuum of colocal con-

nectedness of X for each x ∈ X. Note that each colocally connected continuum is aposyndetic

[16, Remark 5.4.15]. Hence, from Corollary 3.7, we have the next result.

Corollary 3.10. If X is a colocally connected continuum, then we have:

(1) F1(X) is a subcontinuum of colocal connectedness of F2(X)

and
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(2) C1(X) is a subcontinuum of colocal connectedness of C2(X).

Remark 3.11. Every aposyndetic continuum having at least one cut point shows that the converse

of Corollary 3.10 fails.

4. Continuumwise connectivity of C2(X) \ C1(X)

We consider several classes of continua for which we have that C2(X)\C1(X) is continuumwise

connected.

Theorem 4.1. Let X be a continuum. Then the following are equivalent:

(1) F2(X) \ F1(X) is continuumwise connected;

(2) C2(X) \ C1(X) is continuumwise connected.

Proof. Suppose that F2(X) \F1(X) is continuumwise connected. We prove that C2(X) \C1(X)

is continuumwise connected. Let A,B ∈ C2(X) \ C1(X). Let A = A1 ∪ A2 and B = B1 ∪ B2,

where A1 and A2 are the components of A, and B1 and B2 are the components of B. Let

ai ∈ Ai and bi ∈ Bi, for each i ∈ {1, 2}. By [22, Theorem (1.8)], there exist order arcs

α and β in C2(X) \ C1(X) from {a1, a2} to A and from {b1, b2} to B, respectively. Since

F2(X) \ F1(X) is continuumwise connected, there exists a subcontinuum L of F2(X) \ F1(X)

such that {a1, a2}, {b1, b2} ∈ L. Observe that α ∪ β ∪ L is a subcontinuum of C2(X) \ C1(X)

such that A,B ∈ α ∪ β ∪ L. Therefore, C2(X) \ C1(X) is continuumwise connected.

Conversely, we suppose that C2(X)\C1(X) is continuumwise connected. Let {a1, a2}, {b1, b2} ∈
F2(X) \ F1(X). Since {a1, a2} and {b1, b2} belong to C2(X) \ C1(X), there exists a subcontin-

uum L of C2(X) \ C1(X) such that {a1, a2} and {b1, b2} are in L. By Corollary 2.12, GL is

a subcontinuum of F2(X) \ F1(X), and {a1, a2}, {b1, b2} ∈ GL. Therefore, F2(X) \ F1(X) is

continuumwise connected. �

A continuum X is called Wilder provided that for any three points x, y and z of X, there

exists a subcontinuum of X containing x and exactly one of y and z. Each arcwise connected

continuum is Wilder [10, p. 2].

Lemma 4.2. If X is a Wilder continuum and x, y, z ∈ X are distinct, then there exists a

subcontinuum K of F2(X) containing {x, y} and {x, z}, and missing F1(X).

Proof. Let T be a subcontinuum of X containing y and exactly one of x and z. If z ∈ T

and x /∈ T , then 〈{x}, T 〉 ∩ F2(X) is the required subcontinuum [20, Lemma 1]. Now, assume

that x ∈ T and z /∈ T . Let Q be a subcontinuum of X such that z ∈ Q and Q ∩ {x, y} is a
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singleton. If x /∈ Q and y ∈ Q, then the subcontinuum 〈{x}, T 〉 ∩ F2(X) satisfies the required

properties. Suppose that x ∈ Q and y /∈ Q. Let K = (〈{z}, T 〉 ∪ 〈{y}, Q〉) ∩ F2(X). Since

{y, z} ∈ 〈{z}, T 〉∩ 〈{y}, Q〉, K is a subcontinuum of F2(X). Observe that {x, y} and {x, z} both

belong to K. Since y /∈ Q and z /∈ T , we have that K ∩ F1(X) = ∅. Therefore, K satisfies the

required properties. �

In [19, Theorem 4.6], it is mentioned that if X is an arcwise connected continuum, then

F2(X) \ F1(X) is also arcwise connected. Hence, F2(X) \ F1(X) is continuumwise connected.

In the following result, we generalize [19, Theorem 4.6] by showing that F2(X) \ F1(X) is

continuumwise connected when X is a Wilder continuum.

Theorem 4.3. If X is a Wilder continuum, then F2(X) \ F1(X) is continuumwise connected.

Proof. Let {x, y} and {w, z} be two distinct elements of F2(X) \ F1(X). If {x, y} ∩ {w, z} 6= ∅,

then there exists a subcontinuum K of F2(X) containing {x, y} and {w, z}, and missing F1(X)

(Lemma 4.2). Now, assume that {x, y}∩{w, z} = ∅. By Lemma 4.2, there exist two subcontinua

K1 and K2 of F2(X) such that {x, y}, {w, y} ∈ K1 ⊆ F2(X) \ F1(X) and {w, y}, {w, z} ∈ K2 ⊆
F2(X) \ F1(X). Then K1 ∪ K2 is a subcontinuum of F2(X) containing {x, y} and {w, z}, and

contained in F2(X) \ F1(X). Therefore, F2(X) \ F1(X) is continuumwise connected. �

The next result follows from Theorems 4.1 and 4.3.

Corollary 4.4. If X is a Wilder continuum, then C2(X) \C1(X) is continuumwise connected.

Remark 4.5. In Example 3.5, it is shown an arcwise connected continuum such that C1(X) is not

a subcontinuum of colocal connectedness of C2(X) and F1(X) is not a subcontinuum of colocal

connectedness of F2(X). Thus, since every arcwise connected is Wilder [10, p. 2], Theorem 4.3

and Corollary 4.4 cannot be improved.

A continuum X is freely decomposable if for each pair of points p and q of X, there exist

subcontinua P and Q of X such that X = P ∪ Q, p ∈ P \ Q and q ∈ Q \ P . Each freely

decomposable continuum is Wilder (see [6, Theorem 3.10]).

Corollary 4.6. If X is a freely decomposable continuum, then we have:

(1) F2(X) \ F1(X) is continuumwise connected,

and

(2) C2(X) \ C1(X) is continuumwise connected.
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By [10, Theorem 3.6], every semi-aposyndetic continuum is Wilder. Hence, by Theorem 4.1

and Corollary 4.4, we obtain:

Corollary 4.7. Let X be a semi-aposyndetic continuum. Then we obtain:

(1) F2(X) \ F1(X) is continuumwise connected,

and

(2) C2(X) \ C1(X) is continuumwise connected.

A continuum X is a continuum-chainable continuum provided that for each ε > 0 and every

pair of points x1 and x2 of X, there exists an ε-chain of continua {K1, . . . ,Kn} (i.e., Kj∩Kl 6= ∅
if and only if |j − l| ≤ 1 and diam(Kj) < ε, for all j and l in {1, . . . , n}) such that x1 ∈ K1 and

x2 ∈ Kn. Note that every continuum-chainable continuum is a Wilder continuum [10, Theorem

3.2]. Thus, by Theorem 4.1 and Corollary 4.4, we have:

Corollary 4.8. Let X be a continuum-chainable continuum. Then

(1) F2(X) \ F1(X) is continuumwise connected,

and

(2) C2(X) \ C1(X) is continuumwise connected.

Remark 4.9. Note that, with respect to Corollary 4.8, we can say more since, by [7, Theorem

3.12], we have that if X is a continuum-chainable continuum, then C2(X) \ C1(X) is arcwise

connected.

A continuum X is a strongly Wilder continuum provided that if x, y and z are three distinct

points of X, there exists a subcontinuum K of X such that {x, y} ⊆ K and z ∈ X \K. Note

that colocally connected continua are strongly Wilder [6, Proposition 3.9].

Corollary 4.10. If X is a strongly Wilder continuum, then

(1) F2(X) \ F1(X) is continuumwise connected,

and

(2) C2(X) \ C1(X) is continuumwise connected.

Proof. The condition on X implies that X is a Wilder continuum. By Theorem 4.3, the space

F2(X) \ F1(X) is continuumwise connected. Now, by Theorem 4.1, C2(X) \ C1(X) is continu-

umwise connected. �

Example 4.15 shows that the converse of Corollary 4.10 is not true.
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Lemma 4.11. Let X be a continuum such that there exist proper subcontinua M and N of X,

where X = M ∪N . Let p ∈M \N and q ∈ N \M . If A and B are proper disjoint subcontinua

of X such that A\N 6= ∅ and B∩N 6= ∅, then there exists a subcontinuum L of C2(X)\C1(X)

such that {A ∪B, {p, q}} ⊆ L.

Proof. Let a ∈ A \N and b ∈ B ∩N . Let α1 and α2 be order arcs from {b} to N , and from {q}
to N , respectively [22, Theorem (1.8)]. Note that

A = {{a} ∪ I | I ∈ α1 ∪ α2}

is a subcontinuum of C2(X) \C1(X) such that {{a, b}, {a, q}} ⊆ A. Let β be an order arc from

{a} to M and let B = {{q} ∪ I | I ∈ β}. Thus, B is a subcontinuum of C2(X) \ C1(X) and

{{a, q}, {p, q}} ⊆ B. Hence, A∪B is a subcontinuum of C2(X)\C1(X) such that {{a, b}, {p, q}} ⊆
A ∪ B. Finally, there exists an order arc γ from {a, b} to A ∪B. Therefore, L = γ ∪ A ∪ B is a

subcontinuum of C2(X) \ C1(X) such that {A ∪B, {p, q}} ⊆ L. �

A subcontinuum K of a continuum X is terminal provided that if L is a subcontinuum of X

satisfying that K ∩ L 6= ∅, then either K ⊆ L or L ⊆ K.

A λ-dendroid is a hereditarily decomposable and hereditarily unicoherent continuum.

Lemma 4.12. Let X be a λ-dendroid. Let A1 and A2 be disjoint subcontinua of X and let L be

an irreducible subcontinuum of X between A1 and A2. If L is not terminal, then there exists a

subcontinuum S of X such that S \L 6= ∅, and either S∩A1 6= ∅ and A2\S 6= ∅, or S∩A2 6= ∅
and A1 \ S 6= ∅.

Proof. Let A1 and A2 be subcontinua of X such that A1 ∩A2 = ∅, and let L be an irreducible

subcontinuum of X between A1 and A2. Since X is hereditarily decomposable, there exist two

proper subcontinua M and N of L such that L = M ∪N . We assume that A1 ∩L ⊆M \N and

A2 ∩ L ⊆ N \M . Since L is not a terminal subcontinuum of X, there exists a subcontinuum R

of X such that R ∩ L 6= ∅, R \ L 6= ∅ and L \ R 6= ∅. Since X is hereditarily unicoherent, we

have that R ∩ L is a proper subcontinuum of L. We consider two cases:

Case (1). R ∩ L ∩A1 = ∅.

If R∩L∩N 6= ∅, then S = R∪N is a subcontinuum of X such that S ∩A2 6= ∅, A1 \S = ∅
and S \ L 6= ∅. If R ∩ L ∩N = ∅, then S = R ∪M satisfies the conditions of the lemma.

Case (2). R ∩ L ∩A1 6= ∅.

Observe that, in this situation, we have that R ∩ L ∩ A2 = ∅, as in Case (1), we find S

satisfying all conditions in lemma. �
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Theorem 4.13. Let X be a λ-dendroid. If X does not contain a nondegenerate proper terminal

subcontinuum, then C2(X) \ C1(X) is continuumwise connected.

Proof. Let M and N be proper subcontinua of X such that X = M ∪N . Let p ∈ M \N and

q ∈ N \M . Let D ∈ C2(X) \ C1(X), and let A and B be the components of D. We show that

there exists a subcontinuum L of C2(X) \ C1(X) such that {D, {p, q}} ⊆ L. To this end, let L

be an irreducible subcontinuum of X between A and B. We consider two cases.

Case (1). L \N 6= ∅ and L \M 6= ∅.

Note that L∩M and L∩N are proper subcontinua of L such that L = (L∩M)∪(L∩N). Since

L is irreducible between A and B, we may assume that A∩L ⊆ L\N and B∩L ⊆ L\M . Thus,

A \N 6= ∅ and B ∩N 6= ∅. By Lemma 4.11, there exists a subcontinuum L of C2(X) \ C1(X)

such that {D, {p, q}} ⊆ L.

Case (2). L ⊆M or L ⊆ N .

Suppose that L ⊆ M . Let J be an irreducible subcontinuum of X between {q} and L. We

consider two subcases:

Subcase (2.1). L \ J 6= ∅.

Since L ∩ J is a continuum and L is irreducible between A and B, by Lemma 4.12, we may

assume that A \ J 6= ∅ and B ∩ J 6= ∅. Let Z = M ∪ J . Note that M and J are proper

subcontinua of Z. Let p′ ∈M \ J . Since A ∩M 6= ∅ and B ∩ J 6= ∅, we have that there exists

a subcontinuum L1 of C2(Z) \ C1(Z) such that {D, {p′, q}} ⊆ L1, as stated in Lemma 4.11.

Furthermore, also by Lemma 4.11, there exists a subcontinuum L2 of C2(X) \C1(X) such that

{{p, q}, {p′, q}} ⊆ L2. Thus, we define L = L1 ∪L2, which is a subcontinuum of C2(X) \C1(X)

and {{p, q}, D} ⊆ L.

Subcase (2.2). L ⊆ J .

Since X does not have any terminal subcontinuum, by Lemma 4.12, there exists a continuum

T such that T ∩ A 6= ∅, B \ T 6= ∅ and T \ L 6= ∅. Let b0 ∈ B \ T . Using similar ideas as in

Subcase (2.1) and by Lemma 4.11, there exists a subcontinuum L of C2(M ∪ J) \ C1(M ∪ J)

such that {T ∪A ∪ {b0}, {p, q}} ⊆ L.

Let α and β be order arcs from A to T ∪ A, and from {b0} to B, respectively [22, Theorem

(1.8)]. We define E = {E ∪ {b0} | E ∈ α} and F = {A∪D | D ∈ β}. Observe that E and F are

subcontinua of C2(X) \ C1(X) such that T ∪ A ∪ {b0} ∈ E , A ∪ B ∈ F and A ∪ {b0} ∈ E ∩ F .

Thus, L ∪ E ∪ F is a subcontinuum of C2(X) \ C1(X) such that {D, {p, q}} ⊆ L ∪ E ∪ F .

Appl. Gen. Topol. 26, no. 1 (2025) 354

https://creativecommons.org/licenses/by-nc-sa/4.0/


C1(X) on the edge of C2(X)

Therefore, C2(X) \ C1(X) is continuumwise connected. �

Next result follows from Theorems 4.1 and 4.13.

Corollary 4.14. Let X be a λ-dendroid. If X does not contain a nondegenerate proper terminal

subcontinuum, then F2(X) \ F1(X) is continuumwise connected.

The continuum in the next example shows that the converse of Corollary 4.10 is not true.

Example 4.15. There exists a λ-dendroid X such that X is not strongly Wilder and F2(X) \
F1(X) is continuumwise connected.

Let X be the plane continuum ({0} × [−1, 2]) ∪
{(
x, sin( 1

x)
)
| x ∈ (0, 1]

}
. Note that X is a

λ-dendroid and X does not contain a nondegenerate proper terminal subcontinuum. By Corol-

lary 4.14, F2(X) \ F1(X) is continuumwise connected. Finally, observe that each subcontinuum

K of X containing (0, 0) and (0,−1) contains (0, 1). Hence, X is not strongly Wilder.

Remark 4.16. Let X be the sin( 1
x)-continuum. Then X is a λ-dendroid containing a nondegen-

erate proper terminal subcontinuum. By Corollary 2.9, F2(X) \ F1(X) is not continuumwise

connected. In conclusion, the conditions on X of Corollary 4.14 can not be omitted.

Question 4.17. Let X be a hereditarily decomposable continuum. If X does not contain a

nondegenerate proper terminal subcontinuum, then does it follow that F2(X) \ F1(X) is contin-

uumwise connected?

Remark 4.18. Note that, by Theorem 4.19 and Corollary 4.7, the answer to Question 4.17 is

affirmative for the class of semi-aposyndetic continua. A similar proof to the one given in

[18, Lemma 1.4.52] shows that semi-aposyndetic continua do not contain nondegenerate proper

terminal subcontinua.

Let X be a continuum. The diagonal of X2 is the set ∆X = {(x, x) | x ∈ X}. By [15, Lemma

11], we have that if X is an arc-like continuum, then X2 \∆X is not continuumwise connected.

In Theorem 4.22, we prove that F2(X) \ F1(X) is not continuumwise connected, when X is an

indecomposable arc-like continuum.

Theorem 4.19. Let X be an indecomposable chainable continuum. Then:

(1) If L is a subcontinuum of F2(X) \ F1(X), then
⋃
L 6= X.

(2) If L is a subcontinuum of C2(X) \ C1(X), then
⋃
L 6= X.
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Proof. We prove (1). Suppose that L is a subcontinuum of F2(X) \ F1(X) such that
⋃
L = X.

Let f2 : X2 → F2(X) be the map given by f2((x, y)) = {x, y}, for each (x, y) ∈ X2. It is

well known that f2 is open [15, Lemma 9]. Hence, there exists a continuum A in X2 such

that f2(A) = L [24, Theorem (7.5), p. 148]. Note that A ∩ ∆X = ∅. We denote the natural

projections from X2 onto X by π1 and π2, respectively.

Claim. π1(A) = X or π2(A) = X.

Since
⋃
L = X, there exist three points {a1, a2}, {b1, b2} and {c1, c2} in L such that a1, b1

and c1 belong to different composants of X. Thus, there exist a, b, c ∈ A such that f2(a) =

{a1, a2}, f2(b) = {b1, b2} and f2(c) = {c1, c2}. Hence, we have that either |{π1(a), π1(b), π1(c)}∩
{a1, b1, c1}| ≥ 2 or |{π2(a), π2(b), π2(c)} ∩ {a1, b1, c1}| ≥ 2. In any case, since A is a continuum

and X is irreducible between any two points in {a1, b1, c1}, we have that π1(A) = X or π2(A) =

X.

Suppose that π1(A) = X. Since A ∩ ∆X = ∅, there exists ε > 0 such that d(x, y) > ε,

for all (x, y) ∈ A. Also, since X is arc-like, there exists an ε-map f : X → [0, 1]. Note that

f × f : X × X → [0, 1] × [0, 1] is an ε-map (we use the “max” metric on X × X). Hence,

(f × f)(A)∩ (f × f)(∆X) = ∅, otherwise, f × f would not be an ε-map. Let p1 : [0, 1]× [0, 1]→
[0, 1] and p2 : [0, 1]× [0, 1]→ [0, 1] be given by p1((s, t)) = s and p2((s, t)) = t; i.e, these are the

projection maps from the square onto the unit interval. Since p1((f×f)(A)) = f(π1(A)) = [0, 1]

and p2((f × f)(∆X)) = f(π2(∆X)) = [0, 1], we have that (f × f)(A) ∩ (f × f)(∆X) 6= ∅ [21,

Theorem 130, p. 158], a contradiction. Therefore,
⋃
L 6= X. A similar contradiction is obtained

if π2(A) = X.

To show (2). Note that if L is a subcontinuum of C2(X) \C1(X), then GL is a subcontinuum

of F2(X) \ F1(X) (Corollary 2.12), where
⋃
L =

⋃
GL. Therefore, (2) follows from (1). �

Remark 4.20. Let X be a decomposable continuum, let A and B be proper subcontinua of X

such that X = A∪B, and let a ∈ A\B and b ∈ B\A. If L = {{a, z} | z ∈ B}∪{{w, b} | w ∈ A},
then L is a subcontinuum of F2(X) \ F1(X) such that

⋃
L = X. Thus, Theorem 4.19 does not

hold if X is not an indecomposable continuum.

Remark 4.21. Let X be the indecomposable continuum defined in [13, Theorem 3.2]. Note

that F1(X) is a subcontinuum of colocal connectedness of F2(X) [14, Corollary 8]. If a, b, c are

distinct points in different composants of X, then there exists a continuum L ⊆ F2(X) \ F1(X)

such that {a, b}, {a, c} ∈ L. Since
⋃
L ∈ C2(X) and {a, b, c} ⊆

⋃
L, we have that

⋃
L = X.

Thus, Theorem 4.19 does not hold if X is not chainable.

Appl. Gen. Topol. 26, no. 1 (2025) 356

https://creativecommons.org/licenses/by-nc-sa/4.0/


C1(X) on the edge of C2(X)

Theorem 4.22. Let X be an indecomposable chainable continuum. Then F2(X) \F1(X) is not

continuumwise connected.

Proof. Let a, b, c, d be distinct points in different composants of X (the composants of indecom-

posable continua are pairwise disjoint [12, Theorem 3-47]). If L is a subcontinuum of F2(X) such

that {{a, b}, {c, d}} ⊆ L, then
⋃
L ∈ C2(X) and each component of

⋃
L intersects both {a, b}

and {c, d} [16, Lemma 6.1.4]. Thus, since X is irreducible between any two points of {a, b, c, d},
we have that

⋃
L = X. Therefore, L ∩ F1(X) 6= ∅ (Theorem 4.19), and F2(X) \ F1(X) is not

continuumwise connected. �

As a consequence of Theorem 4.22, by Lemma 2.4, we obtain [19, Example 4.5].

The next corollary follows from Theorems 4.22 and 4.1.

Corollary 4.23. Let X be an indecomposable chainable continuum. Then C2(X) \ C1(X) is

not continuumwise connected.

Since Knaster continua are chainable, we obtain:

Corollary 4.24. Let X be a Knaster continuum. Then C2(X) \ C1(X) is not continuumwise

connected.

As a consequence of Theorem 4.1 and Corollary 4.24, we have the next result. This corollary

is stronger than Lemma 2.8.

Corollary 4.25. If X is a Knaster continuum, then F2(X) \ F1(X) is not continuumwise

connected.

Let X be a continuum and let p be a point of X. Then the union composant of p, denoted

by κXu (p), is:

κXu (p) =
⋃
{M | M is a continuum-chainable subcontinuum of X and p ∈M}.

We write κu(p) if there is no possibility of confusion. Note that κu(p) is a connected subset of

X [4, Corollary 6.5].

Notation 4.26. For non-empty closed subsets A and B of a compact metric space (X, d), let

d(A,B) = inf{d(a, b) | a ∈ A, b ∈ B}.

Lemma 4.27. Let X be a continuum with metric d. If A,B ∈ C1(X) and ε ∈ (0, d(A,B)), then

A ∪B ∈ C2(X) \ NH
(
ε
2 ;C1(X)

)
.
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Proof. Suppose that there exists E ∈ C1(X) such that H(E,A∪B) < ε
2 . Then E ⊆ Nd

(
ε
2 ;A

)
∪

Nd

(
ε
2 ;B

)
and A ∪ B ⊆ Nd

(
ε
2 ;E

)
. Since the union of the disjoint open subsets Nd

(
ε
2 ;A

)
and Nd

(
ε
2 ;B

)
of X contains the subcontinuum E, either E ⊆ Nd

(
ε
2 ;A

)
or E ⊆ Nd

(
ε
2 ;B

)
.

Assume E ⊆ Nd

(
ε
2 ;A

)
. This inclusion and the fact that B ⊆ Nd

(
ε
2 ;E

)
together imply that

B ⊆ Nd (ε;A). This contradicts the choice of ε. Therefore, H(E,A ∪ B) ≥ ε
2 for each E ∈

C1(X). �

Lemma 4.28. Let X be a continuum. Suppose that there exist a point p in X, a subcontinuum

A of X and ε > 0 such that:

• κu(p) is a dense subset of X;

and

• BH(A; ε) ∩ C1(κu(p)) = ∅.

Then there exists a subcontinuum L of C2(X) \ C1(X) such that:

(1) L has a component in A, for each L ∈ L;

and

(2)
⋃
L = X.

Proof. Since κu(p) is a dense subset of X and A is a proper closed subset of X, we may assume

that

Bd(p; ε) ∩A = ∅. (4.1)

We show first that if x ∈ κu(p), then there exists a subcontinuum S of C2(X) \ NH( ε3 ;C1(X))

such that {p} ∪A ∈ S, x ∈
⋃
S, and each element of S has a component contained in A.

Since x ∈ κu(p), there exists a continuum-chainable subcontinuum N of X such that x, p ∈
N . Let {N1, . . . , Nm} be an ε

3 -chain of continua such that p ∈ N1, x ∈ Nm. Note that

N1∪· · ·∪Nm ⊆ N ⊆ κu(p). Thus, eachNj /∈ BH(A; ε). This implies that either A\Nd(ε;Nj) 6= ∅
or Nj \ Nd(ε;A) 6= ∅.

Let J1 = {j ∈ {1, . . . ,m} | Nj ⊆ Nd(ε;A)} and let J2 = {1, . . . ,m} \ J1. We have that

1 ∈ J2 by (4.1). Take x1 = p and for each j ∈ J2 with j ≥ 2, let xj ∈ Nj \ Nd(ε;A) and let

Nj = {{xj} ∪ E : E ∈ C1(A)}. We apply Lemma 4.27 to conclude that if j ∈ J2, then the

subcontinuum Nj of C2(X) satisfies that Nj ∩ NH
(
ε
2 ;C1(X)

)
= ∅. Let S1, S2, . . . , Sr be the

components of
⋃

j∈J1 Nj . Observe that each Sk ⊆ κu(p) and Sk ⊆ Nd(ε;A). This implies that

there exists wk ∈ A \ Nd(ε;Sk) for each k ∈ {1, 2, . . . , r}. By Lemma 4.27, we obtain that the

subcontinuum Sk = {{wk} ∪D : D ∈ C1(Sk)} of C2(X) satisfies that Sk ∩ NH
(
ε
2 ;C1(X)

)
= ∅.
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Let S =
(⋃

j∈J2 Nj

)
∪ (
⋃
{Sk | k ∈ {1, 2, . . . , r}}). The subcontinuum S satisfies the required

properties.

Let {xi}∞i=1 be a dense subset of κu(p). LetMi be the continuum constructed in the previous

paragraph such that {p}∪A ∈Mi,Mi ⊆ C2(X)\NH( ε2 ;C1(X)) and xi ∈
⋃
Mi, for each i ∈ N.

Let L = ClC2(X)(
⋃∞

i=1Mi). Observe that since
⋃∞

i=1Mi is connected, L is a subcontinuum of

C2(X) \ C1(X). Moreover,
⋃∞

i=1Mi ⊆ C2(X) \ NH( ε2 ;C1(X)) and

C2(X) \ NH( ε2 ;C1(X)) is closed. Thus, L ⊆ C2(X) \ NH( ε2 ;C1(X)). Let M ∈ Mi, for some

i ∈ N. Let M = R ∪ S, where R and S are the components of M . We know that either R ⊆ A

or S ⊆ A. Thus, if L ∈ L, then L has a component in A. We have condition (1). Also,
⋃
L is a

compact subset of X containing {xi}∞i=1. Therefore, X =
⋃
L. �

Lemma 4.29. Let X be a continuum. Suppose that there exist a point p in X, a subcontinuum

A of X and ε > 0 such that:

• κu(p) is a dense subset of X;

and

• BH(A; ε) ∩ C1(κu(p)) = ∅.

If C1, . . . , Cn are subcontinua of X \ A, then there exists a subcontinuum L of C2(X) \ C1(X)

such that
⋃
L = X and {A ∪ C1, . . . , A ∪ Cn} ⊆ L.

Proof. By Lemma 4.28, there exists a subcontinuum S of C2(X) \ C1(X) such that S has a

component in A, for each S ∈ S, and
⋃
S = X. Let S = S1 ∪ S2 ∈ S be such that S1 ⊆ A and

S2∩C1 6= ∅. Let a ∈ S1 ⊆ A and z ∈ S2∩C1. By [22, Theorem (1.8)], there exist order arcs α1,

α2, β1 and β2 from {a} to A, from {a} to S1, from {z} to C1 and from {z} to S2, respectively.

Let

J1 = {M ∪N | M ∈ α1 and N ∈ β1} ∪ {M ∪N | M ∈ α2 and N ∈ β2}.

Observe that J1 is a subcontinuum of C2(X) \ C1(X) such that A ∪ C1 ∈ J1 and S ∈ J1 ∩ S.

Hence, S ∪ J1 is a subcontinuum of C2(X) \ C1(X).

Similarly, for each i ∈ {2, . . . , n}, there exists a subcontinuum Ji of C2(X) \C1(X) such that

A∪Ci ∈ Ji and Ji∩S 6= ∅. Therefore, L = S∪J1∪· · ·∪Jn is a subcontinuum of C2(X)\C1(X)

such that
⋃
L = X and {A ∪ C1, . . . , A ∪ Cn} ⊆ L. �
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Theorem 4.30. Let X be a continuum such that X = I ∪R, where R ∼= [0,∞), I = ClX(R)\R
and I is arcwise connected. If C1(R) is not dense in C1(X), then C2(X) \C1(X) is continuum-

wise connected.

Proof. Since C1(R) is not dense in C1(X), we have that there exist a proper subcontinuum A

of I and ε > 0 such that BH(A; ε) ∩ C1(R) = ∅. By Lemma 4.28, there exists a subcontinuum

L of C2(X) \ C1(X) such that L has a component in A, for each L ∈ L, and
⋃
L = X. Let

B ∈ C2(X) \ C1(X) and let C and D be the components of B. We show that there exists a

subcontinuum S of C2(X) \ C1(X) such that S ∩ L 6= ∅ and B ∈ S. We consider two cases:

Case (1). B ⊆ I.

Since I is arcwise connected, C2(I) \ C1(I) is continuumwise connected. Note that L ∩
(C2(I) \ C1(I)) 6= ∅. Hence, there exists a subcontinuum S of C2(I) \ C1(I) such that B ∈ S
and S ∩ L 6= ∅.

Case (2). B ∩R 6= ∅.

Note that there exists a subcontinuum M of X such that either C ∪A ⊆M and D∩M = ∅,

or D ∪A ⊆M and C ∩M = ∅. Suppose that C ∪A ⊆M and D ∩M = ∅. Let

S = {D ∪R | R ∈ C1(M)}.

Observe that {B,D ∪A} ⊆ S. Also, by Lemma 4.29, we may assume that D ∪A ∈ L. Thus, S
is a subcontinuum of C2(X) \ C1(X) such that S ∩ L 6= ∅ and B ∈ S. �

In Corollary 2.9 it is shown that if X is the sin(1/x)-continuum, then F2(X) \ F1(X) is not

continuumwise connected. Next theorem follows from Theorems 4.1 and 4.30. It shows that for

some compactifications of [0,∞), F2(X) \ F1(X) is continuumwise connected.

Theorem 4.31. Let X be a continuum such that X = I ∪R, where R ∼= [0,∞), I = ClX(R)\R
and I is arcwise connected. If C1(R) is not a dense subset of C1(X), then F2(X) \ F1(X) is

continuumwise connected.

Note that if X is a ray converging to a simple triod (see the continuum pictured in Figure 1

below), X contains a terminal subcontinuum of X and, by Theorem 4.31, F2(X) \ F1(X) is

continuumwise connected.
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Figure 1.

Theorem 4.32. Let X be an indecomposable continuum such that each composant of X is a

union composant. Then one of the following holds:

(1) 〈κ1, κ2〉 ∩ C2(X) is dense in C2(X), for each two different composants

κ1 and κ2 of X,

or

(2) There exists a subcontinuum L of C2(X) \ C1(X) such that
⋃
L = X.

Proof. Suppose that there exist two different composants κ1 and κ2 of X such that 〈κ1, κ2〉 ∩
C2(X) is not dense in C2(X); i.e., there exist A ∈ C2(X)\C1(X) and ε > 0 such that BH(A; ε)∩
〈κ1, κ2〉 = ∅. Let A1 and A2 be the components of A. Without loss of generality, we may assume

that BH(A1; ε) ∩ C1(κ1) = ∅. Since the composants of X are dense in X [12, Theorem 3-44],

now the theorem follows from Lemma 4.28. �

Remark 4.33. By Theorem 4.32, there exists a subcontinuum L of C2(X) \ C1(X), where X is

the continuum in Figure 2, such that
⋃
L = X. (Compare with Theorem 4.19.)

Figure 2.
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5. C1(X) is a nonblock continuum

The following result is [19, Theorem 3.5].

Theorem 5.1. Let X be a continuum. Then F1(X) is a nonblock subcontinuum of F2(X).

We have the following natural question.

Question 5.2. Given a continuum X, is C1(X) a nonblock subcontinuum of C2(X)?

In this section, we give partial answers to Question 5.2.

A continuum X has the property of Kelley at a point p ∈ X provided that for every ε > 0,

there exists a δ > 0 such that if A is a subcontinuum of X and p ∈ A, then for each x ∈ X such

that d(x, p) < δ, there exists a subcontinuum Bx of X such that x ∈ Bx and H(A,Bx) < ε [23,

p. 292]. The number δ in the definition is called a Kelley number for (X, ε, p). A continuum

X has the property of Kelley provided that X has the property of Kelley at each of its points;

in this case, for each ε > 0, it follows from compactness (using the Lebesgue number of a cover

[16, Theorem 1.6.6]) that there is a δ > 0 that is a Kelley number for (X, ε, p), for all p ∈ X,

which we call a Kelley number for (X, ε).

A continuum X has the property of Kelley weakly provided that there exists a dense subset

A of C1(X) such that X has the property of Kelley at some point of each A ∈ A.

A proof of the following result can be found in [17, Corollary 4.11]. We include its proof for

the convenience of the reader.

Lemma 5.3. Let X be a continuum with the property of Kelley weakly and let n be a positive

integer. Then for each open subset U of Cn(X), there exists A ∈ U such that X has the property

of Kelley at some point a of each component of A.

Proof. Let U be an open subset of Cn(X), let K ∈ U and let V1, . . . , Vt be open subsets of X

such that K ∈ 〈V1, . . . , Vt〉∩Cn(X) ⊆ U . Let L be a component of K and let Vj1 , . . . , Vjl denote

all the elements of V1, . . . , Vt that L intersects. Then L ∈ 〈Vj1 , . . . , Vjl〉 ∩ C1(X). Since X has

the property of Kelley weakly, there exists M ∈ C1(X) such that M ∈ 〈Vj1 , . . . , Vjl〉 ∩ C1(X)

and X has the property of Kelley at some point a of M . Let A1 = (K \ L) ∪ M . Then

A1 ∈ 〈V1, . . . , Vt〉 ∩ Cn(X) ⊆ U and X has the property of Kelley at a ∈ M ⊆ A1. Repeat this

process with each component L′ of K to obtain an element R of U satisfying that X has the

property of Kelley at some point of each component of R. �

Theorem 5.4. If X is a continuum with the property of Kelley weakly, then C1(X) is a nonblock

subcontinuum of C2(X).
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Proof. Since F1(X) is a nonblock subcontinuum of F2(X) [19, Theorem 3.5], there exists an

increasing sequence of subcontinua {Lk}∞k=1 of F2(X) \ F1(X) such that
⋃∞

k=1 Lk is a dense

subset of F2(X) \ F1(X). Let {Uk}∞k=1 be a decreasing sequence of open subsets of C2(X) such

that C1(X) =
⋂∞

k=1 Uk and ClC2(X)(Uk) ∩ Lk = ∅, for each k ∈ N. Given k ∈ N, let Mk be the

component of the closed subset C2(X) \ Uk that contains Lk. Hence, {Mk}∞k=1 is an increasing

sequence of subcontinua of C2(X) \ C1(X).

To see that
⋃∞

k=1Mk is a dense subset of C2(X) \ C1(X), let A ∈ C2(X) \ C1(X), whose

components are A1 and A2, satisfying that X has the property of Kelley at aj ∈ Aj , j ∈ {1, 2},
(Lemma 5.3) and let ε > 0. Since C1(X) is closed, we may assume that BH(ε;A)∩C1(X) = ∅.

Let δ > 0 be a Kelley number for a1, a2 and ε. Note that {a1, a2} is an element of F2(X)\F1(X).

Since ClF2(X)(
⋃∞

k=1 Lk) = F2(X), we obtain that there exists {b1, b2} ∈ Lm, for some m ∈ N,

such thatH({a1, a2}, {b1, b2}) < δ. Thus, there exist B1, B2 ∈ C1(X) such that b1 ∈ B1, b2 ∈ B2,

H(A1, B1) < ε and H(A2, B2) < ε. Let B = B1 ∪ B2. Hence, H(A,B) < ε, and B belongs

to C2(X) \ C1(X). Let α be an order arc from {b1, b2} to B [22, Theorem (1.8)]. Then each

element of α is a closed subset of X having exactly two components. Thus, from the fact that

{C2(X) \ ClC2(X)(Uk)}∞k=1 is an increasing sequence consisting of open subsets covering α, we

have that there exists j ∈ N such that j ≥ m and α ⊆ C2(X) \ ClC2(X)(Uj). Since α ∩ Lj 6= ∅,

α ⊆ Mj . Hence, BH(ε;A) ∩ Mj 6= ∅, and
⋃∞

k=1Mk is a dense subset of C2(X) \ C1(X).

Therefore, C1(X) is a nonblock subcontinuum of C2(X). �

Corollary 5.5. If X is a continuum with the property of Kelley, then C1(X) is a nonblock

subcontinuum of C2(X).

By Lemma 2.4, if C2(X) \ C1(X) is continuumwise connected, then C1(X) is a nonblock

subcontinuum of C2(X). In the next example, we show a continuum with the property of

Kelley such that C2(X) \C1(X) is not continuumwise connected. Thus, Theorem 5.4 cannot be

improved.

Example 5.6. Let X = {(x, sin( 1
x)) | x ∈ (0, 1]}∪ ({0}× [−1, 1]). Then X is a continuum with

the property of Kelley. By Corollary 2.9, F2(X) \ F1(X) is not continuumwise connected. Note

that, by Theorem 4.1, we obtain that C2(X) \ C1(X) is not continuumwise connected.

Theorem 5.7. Let X be a continuum such that X = I ∪R, where R ∼= [0,∞), I = ClX(R) \R
and I is arcwise connected. If C1(R) is dense in C1(X), then C1(X) is a nonblock subcontinuum

of C2(X).

Appl. Gen. Topol. 26, no. 1 (2025) 363

https://creativecommons.org/licenses/by-nc-sa/4.0/


J. Camargo, S. Maćıas and D. Maya

Proof. Suppose that C1(R) is dense in C1(X). Let K ∈ C2(R) \ C1(R). We show that

κC2(X)\C1(X)(K) is a dense subset of C2(X) (Lemma 2.3). Let B = C ∪ D be an element

of C2(X) \C1(X) and let ε > 0. Since C1(R) is dense in C1(X), there exist C ′ and D′ in C1(R)

such that H(C,C ′) < ε,H(D,D′) < ε and C ′ ∩ D′ = ∅. Since R ∼= [0,∞), there exists an

arc J ⊆ R such that K ∪ C ′ ∪ D′ ⊆ J . Note that, by Corollary 3.7, C2(J) \ C1(J) is contin-

uumwise connected (an arc is an aposyndetic continuum). Hence, there exists a subcontinuum

L of C2(J) \ C1(J), where {K,C ′ ∪ D′} ⊆ L. Note that C ′ ∪ D′ ∈ L ∩ BH(B; ε). Therefore,

κC2(X)\C1(X)(K) is a dense subset of C2(X) and C1(X) is a nonblock subcontinuum in C2(X)

(Lemma 2.3). �

Lemma 5.8. Let X be a chainable indecomposable continuum, let A be a proper subcontinuum

of X and let κ be a composant of X. Then there exists a sequence {Kn}∞n=1 of subcontinua of κ

converging to A.

Proof. We may assume that A ∩ κ = ∅. Let ε > 0. Since X is chainable, there exist open

connected subsets U1, . . . , Un of R2 such that diam(Ui) < ε
2 , for each i ∈ {1, . . . , n}, X ⊆

U1 ∪ · · · ∪ Un, and {U1, . . . , Un} is a chain [2, Theorem 5]. Let {i1, . . . , il} ⊆ {1, . . . , n} be such

that A ∈ 〈Ui1 , . . . , Uil〉. Note that Ui1 ∪ · · · ∪ Uil is connected. Since κ is dense, there exists

a subcontinuum L of κ such that L ∩ Uij 6= ∅, for every j ∈ {1, . . . , l}. By the Boundary

Bumping Theorem [18, Theorem 1.4.36], and the connectedness of L, we have that there exists

a component K of L \ (Ui1 ∪ Uil) such that K ∩ ClR2(Ui1) 6= ∅ and K ∩ ClR2(Uil) 6= ∅. Since

diam(Ui) <
ε
2 , for all i ∈ {1, . . . , n}, H(A,K) < ε. Also, ε was arbitrary and K ⊆ κ. Thus,

there exists a sequence {Kn}∞n=1 of subcontinua of κ converging to A. �

In the following theorems, we show sufficient conditions to have that C1(X) is a nonblock

subcontinuum of C2(X).

Theorem 5.9. If X is a chainable indecomposable continuum, then C1(X) is a nonblock sub-

continuum of C2(X).

Proof. Let κ1 and κ2 be two different composants of X. We show that 〈κ1, κ2〉∩C2(X) is dense

in C2(X) \C1(X). Let A = A1 ∪A2 be a point in C2(X) \C1(X) and let ε > 0. By Lemma 5.8,

there exist two subcontinua K1 of κ1 and K2 of κ2, such that H(A1,K1) < ε and H(A2,K2) < ε.

Hence, H(A,K1 ∪K2) < ε. Note that K1 ∪K2 ∈ 〈κ1, κ2〉 ∩ C2(X). Thus, 〈κ1, κ2〉 ∩ C2(X) is

dense in C2(X) \ C1(X). �

The following result is [2, Theorem 4].

Appl. Gen. Topol. 26, no. 1 (2025) 364

https://creativecommons.org/licenses/by-nc-sa/4.0/


C1(X) on the edge of C2(X)

Theorem 5.10. Suppose X is a circularly chainable continuum and let {Dm}∞m=1 be a sequence

of circular chains covering X such that mesh(Dm) approaches 0 as m increases without limit,

and Dm+1 circles Dm exactly once. Then there exists an embedding h of X into the plane such

that for each positive number ε, h(X) can be covered by a circular chain each of whose links is

the interior of a round disk of diameter less than ε.

Using Theorem 5.10, the proof of the following lemma is similar to the one given for Lemma 5.8.

Lemma 5.11. Let X be a circularly chainable indecomposable continuum as in the statement

of Theorem 5.10, let A be a proper subcontinuum of X and let κ be a composant of X. Then

there exists a sequence {Kn}∞n=1 of subcontinua of κ converging to A.

The proof of the following result is similar to the one given for Theorem 5.9.

Theorem 5.12. Let X be an indecomposable circularly chainable continuum as in the statement

of Theorem 5.10. Then C1(X) is a nonblock subcontinuum of C2(X).

Theorem 5.13. Let X be an indecomposable continuum such that each composant of X is a

union composant. Then C1(X) is a nonblock subcontinuum of C2(X).

Proof. Let p ∈ X. We consider two cases:

Case (1). C1(κu(p)) is a dense subset of C1(X).

Let B ∈ C2(κu(p)) \C1(κu(p)). We see that κC2(X)\C1(X)(B) is dense in C2(X) \C1(X). Let

D ∈ C2(X) \ C1(X) and let ε > 0. Since C1(κu(p)) is dense, there exists D′ ∈ C2(κu(p)) \
C1(κu(p)) such that H(D,D′) < ε. Let B0 and D′

0 be in F2(X)\F1(X) such that B0 ⊆ B,D′
0 ⊆

D′ and there exist order arcs α from B0 to B, and γ from D′
0 to D′ [22, Theorem (1.8)]. Let M

be a continuum-chainable subcontinuum of κu(p) such that B0 ∪D′
0 ⊆ M [4, Lemma 3.2]. By

Corollary 4.8, C2(M)\C1(M) is continuumwise connected. Thus, there exists a subcontinuumR
of C2(M)\C1(M) such that B0, D

′
0 ∈ R. Note that if K = R∪α∪γ, then K ⊆ κC2(X)\C1(X)(B)

and K∩BH(D; ε) 6= ∅. Therefore, C1(X) is a nonblock subcontinuum in C2(X) (Lemma 2.3).

Case (2). C1(κu(p)) is not dense.

Let A ∈ C1(X) and let ε > 0 be such that BH(A; ε) ∩C1(κu(p)) = ∅. By Lemma 4.28, there

exists a subcontinuum LA of C2(X) \ C1(X) such that
⋃
LA = X and if L = L1 ∪ L2 ∈ LA,

then L1 ⊆ A.
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We prove that κC2(X)\C1(X)(L) is dense, where L is any element of LA. Let B ∈ C2(X)\C1(X)

and let δ > 0. In order to prove that κC2(X)\C1(X)(L) is dense, we show that there exists a

subcontinuum S of C2(X) \ C1(X) such that S ∩ LA 6= ∅ and S ∩BH(B; δ) 6= ∅. Let σ be the

composant of X such that A ⊆ σ. We consider two subcases:

Subcase (2.1). B ∈ ClC2(X)(C2(σ)).

Let D ∈ C2(σ)\C1(σ) be such that H(B,D) < ε, and let L′ ∈ LA, where L′ ⊆ σ. Let M be a

continuum-chainable subcontinuum of κu(p) such that D ∪L′ ⊆M . By Corollary 4.8, C2(M) \
C1(M) is continuumwise connected. Thus, there exists a subcontinuum S of C2(M) \ C1(M)

such that D,L′ ∈ S. Thus, S is a subcontinuum of C2(X) \ C1(X) where LA ∩ S 6= ∅ and

S ∩BH(B; δ) 6= ∅.

Subcase (2.2). B = C ∪D and D /∈ ClC2(X)(C1(σ)).

Let LD be a subcontinuum of C2(X) \ C1(X) such that
⋃
LD = X (see Lemma 4.28). By

Lemma 4.29, we may assume that D ∪ A ∈ LA ∩ LD and B ∈ LD. Thus, S = LD is a

subcontinuum of C2(X) \ C1(X) such that S ∩ LA 6= ∅ and S ∩BH(B; δ) 6= ∅.

Therefore, κC2(X)\C1(X)(L) is a dense subset of C2(X) and C1(X) is a nonblock subcontinuum

of C2(X) (Lemma 2.3). �

Question 5.14. Let X be a decomposable continuum. Then does it follow that C1(X) is a

nonblock continuum in C2(X)?

Theorem 5.15. Let X be a decomposable continuum. The following are equivalent:

(1) C1(X) is a nonblock subcontinuum of C2(X);

(2) C1(X) is a shore subcontinuum of C2(X);

(3) C1(X) is not a strong center of C2(X).

Proof. By Lemma 2.4, we only need to show that (3) implies (1). Let A and B be proper

subcontinua of X such that X = A ∪ B. Let a ∈ A \ B and b ∈ B \ A. Let U and V be open

subsets of X such that a ∈ U ⊆ ClX(U) ⊆ X \B and b ∈ V ⊆ ClX(V ) ⊆ X \A. We define:

L = 〈ClX(U), B〉 ∪ 〈A,ClX(V )〉.

Note that L is a compact subset of C2(X) \ C1(X) and 〈U, V 〉 ⊆ L. Using order arcs is not

difficult to prove that L is arcwise connected.

We see that κC2(X)\C1(X)(L) is a dense subset of C2(X) \ C1(X), for each L ∈ L. Let L ∈ L
and let U be an open subset of C2(X)\C1(X). Since C1(X) is not a strong center of C2(X), there

Appl. Gen. Topol. 26, no. 1 (2025) 366

https://creativecommons.org/licenses/by-nc-sa/4.0/


C1(X) on the edge of C2(X)

exists a subcontinuum S of C2(X)\C1(X) such that S∩U 6= ∅ and S∩IntC2(X)(L) 6= ∅. Hence,

L ∪ S is a subcontinuum of C2(X) \ C1(X) containing L. Therefore, L ∪ S ⊆ κC2(X)\C1(X)(L)

and κC2(X)\C1(X)(L) is a dense subset of C2(X) \ C1(X). We have that C1(X) is a nonblock

subcontinuum of C2(X) (Lemma 2.3). �
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[4] J. Camargo, R. A. López and S. Maćıas, On weakly continuum-chainable and almost continuum-chainable

continua, Topology Appl. 345 (2024), 108833.
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