G —— Appl. Gen. Topol. 26, no. 1 (2025), 341-368
V| —
doi:10.4995 /agt.2025.22003

J —

APPLIED GENERAL TOPOLOGY @®SO® edUPV

C1(X) on the edge of Cy(X)
JAVIER CAMARGO ¢ ©, SERGIO MACIAS® ©® AND DAVID MAYA ¢

% Escuela de Matemdticas, Facultad de Ciencias, Universidad Industrial de Santander, Ciu-

dad Universitaria, Carrera 27 Calle 9, Bucaramanga, Santander, A. A. 678, Colom-

bia. (jcamargo@saber.uis.edu.co)

® Current address: Escuela de Matemadticas, Facultad de Ciencias, Universidad Industrial de San-
tander, Ciudad Universitaria, Carrera 27 Calle 9, Bucaramanga, Santander, A. A. 678, Colombia

Permanent address: Instituto de Matematicas, Universidad Nacional Auténoma de México,
Circuito Exterior, Ciudad Universitaria, CDMX, C. P. 04510. México (macias@unam.mx,

sergiom@matem.unam.mx)
¢ Universidad Auténoma del Estado de México, Facultad de Ciencias, Instituto Literario No. 100,

Col. Centro, Toluca, Estado de México, CP 5000, México (dmayaeQuaemex.mx)

Communicated by D. N. Georgiou

ABSTRACT

Given a continuum X and a positive integer n, let C,,(X) be the hyperspace
consisting of all nonempty closed subsets of X having at most n components.
For a subcontinuum A of X having empty interior, consider the following prop-
erties: A is a subcontinuum of colocal connectedness, X \ A is continuumwise
connected, A is a nonblock subcontinuum, A is a shore subcontinuum, A is not
a strong centre. In this paper, we prove that C1(X) has all of these properties
in Cp(X) if n > 3, and we study when C;(X) has one of these properties in
Cy(X).
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1. INTRODUCTION

For a continuum X, let C},(X) be the hyperspace of all nonempty closed subset of X having at
most n-components endowed with the Hausdorff metric. The hyperspace Cy,(X) is a continuum
[16, Corollary 1.8.12] and C1(X) is a subcontinuum of C),(X) having empty interior [16, Theorem
6.1.9]. By [5, Lemma 3.2], C\,(X) \ C1(X) is connected for every continuum X. The aim of
this paper is to study when C7(X) is a subcontinuum of colocal connectedness, a nonblock
subcontinuum, a shore subcontinuum or is not a strong centre of Cy,(X) for a continuum X.

The paper is divided in five sections, after this introduction 1 and the section of definitions 2,
we have section 3. In this section we give conditions for which C7(X) is a subcontinuum of
colocal connectedness of Cy,(X) (n an integer greater than or equal to 2). For example, we show
that for n > 3, C1(X) is a subcontinuum of colocal connectedness of Cy,(X) (Theorem 3.1).
We also prove that the fact that C1(X) is a subcontinuum of colocal connectedness of C(X)
implies that F;(X) is a subcontinuum of colocal connectedness of F»(X) (Theorem 3.2). We
show that for aposyndetic continua, we have that C7(X) is a subcontinuum of colocal con-
nectedness of Co(X) (Corollary 3.7). In section 4, we consider several classes of continua for
which we have that Co(X) \ C1(X) is continuumwise connected. In Theorem 4.1, we prove
that Ca(X) \ C1(X) is continuumwise connected if and only if Fo(X) \ F1(X) is continuumwise
connected. We also demonstrate that for Wilder continua C(X) \ Ci(X) is continuumwise
connected (Corollary 4.4); the same is true for A-dendroid without terminal subcontinua (Theo-
rem 4.13) and for compactifications of a ray with an arcwise connected continuum as remainder
such that the family of subcontinua of the ray is not dense in the hyperspace of subcontinua
of the continuum (Theorem 4.30). We prove that for an indecomposable chainable continuum
X we have that Cy(X) \ C1(X) is not continuumwise connected (Corollary 4.23). In section 5,
we give sufficient conditions on a continuum X such that C;(X) is a nonblock subcontinuum
of Cy(X). This is the case for the following classes of continua: continua with the property of
Kelley weakly (Theorem 5.4); indecomposable chainable continua (Theorem 5.9); indecompos-
able continua such that each composant of it is a union composant (Theorem 5.13). We show
that for decomposable continua, we have that the facts: C7(X) is a nonblock subcontinuum of
C3(X), C1(X) is a shore subcontinuum of Co(X) and C1(X) is not a strong centre of Cy(X) are
equivalent (Theorem 5.15).
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2. DEFINITIONS AND AUXILIARY RESULTS

Given a metric space X with metric d, if a € X and € > 0, then the open ball about a of radius
e is denoted by By(a;e). If A is a subset of X, then the interior of A is denoted by Intx (A), its
closure by Clx(A) and its diameter by diam(A). Also, we denote

Na(g;A) ={z € X | d(x,a) < ¢ for some a € A}.

A continuum is a compact connected metric space. In continuum theory, there are different
concepts related with the edge of a continuum or being of some sort of non-cut subset of a
continuum. A subcontinuum is a nonempty connected closed subset of a continuum.

Let X be a continuum and let A and B be two nonempty disjoint closed subsets of X. A
subcontinuum K of X is irreducible between A and B provided that K NA # @, KNB # @
and no proper subcontinuum L of K satisfies both inequalities.

A continuum X is decomposable if there exist two proper subcontinua K and L of X such
that X = K U L. Also, X is hereditarily decomposable provided that each of its nondegenerate
subcontinua is decomposable. The continuum X is indecomposable provided that it is not
decomposable. In addition, X is hereditarily unicoherent if the intersection of any two of its
subcontinua is connected. A continuum X is semi-aposyndetic if for every pair of points p and q of
X, there exists a subcontinuum W of X such that {p, ¢}NIntx (W) # @ and {p, ¢}N(X\W) # .
The continuum X is aposyndetic at a point p with respect to q, provided that there exists a
subcontinuum W of X such that p € Intx (W) C W C X \ {¢}. Now, X is aposyndetic at p if
it is aposyndetic at p with respect to every point ¢ € X \ {p}. And X is aposyndetic provided
that X is aposyndetic at each of its points.

Given a continuum X, we define Professor Jones’ Set Function T as follows: if A is a subset
of X, then

T(A) = X\ {z € X | there exists a subcontinuum
W of X such that x € Intx (W) CW C X \ A}.

Let us observe that for each subset A of X, T(A) is a closed subset of X and A C T(A). Note
that, if W is a subcontinuum of X, then 7 (W) is a subcontinuum of X [18, Theorem 2.1.27].
Also, by [18, Corollary 2.1.14], T(@) = @. A nonempty closed subset A of X is a T -closed set
if T(A) = A. When there is a possibility of confusion, we add a subscript to 7 to indicate the

continuum we are considering. More information about the set function 7" may be found in [18].
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Let X be a continuum. We define 2% the hyperspace of all nonempty closed subsets of X;
ie,2X¥ ={ACX | A#a@,A=_Clx(A)}. We topologized this hyperspace with the topology
induced by the Hausdorff metric, H, given by

H(A,B) =inf{e > 0| AC Ny(e; B) and B C Ny(e; A)},

for each A, B € 2% [16, Theorem 1.8.3]. If K71, ..., K,, are nonempty subsets of X, let

(K, Ko = {A € 2% ‘ Ac|JK;and ANK; # @ forall j € {1,...,m}}.
j=1

The topology induced by the Hausdorff metric coincides with the Vietoris topology on 2% [22,
Theorem (0.13)]. A base for this topology on 2% is given by the sets of the form (Ui, ..., Uy,),
where Uy, ..., U, are open subsets of X. For each positive integer n, let

e 0, (X) ={A € 2% | Ahas at most n components}.

o [,(X)={Ac2X | |A] <n}.

Note that F,,(X) C C,(X) C 2%, for every n € N. Hence, F,,(X) and C,,(X) are topological
subspaces of 2X.

Let X be a continuum and let A be a subcontinuum of X such that Intx(A) = @. Then

e A is a subcontinuum of colocal connectedness of X if for each open subset U of X such
that A C U, there exists an open subset V' of X such that A CV C U and X \ V is
connected.

e X \ A is continuumwise connected provided that for any z,y € X \ A there exists a
subcontinuum L of X \ A such that z,y € L.

e A is a monblock subcontinuum of X if there exits an increasing sequence of subcontinua
{M,}5° of X such that |J;; M, is a dense subset of X \ A.

e Ais a shore subcontinuum of X provided that for each ¢ > 0, there exists a subcontinuum
L of X \ A such that H(L,X) < e.

e A is not a strong centre of X if for any nonempty open subsets U and V of X there
exists a subcontinuum M of X such that M NU # @, MNV # g and MNA=02.

e A is a noncut subcontinuum of X provided that X \ A is connected.

These notions are studied in the context of hyperspace of continua in [1, 9, 19].

Notation 2.1. If Z is a metric space (not necessarily a continuum), we denote by C1(Z) the

collection of all subcontinua of Z.
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Notation 2.2. Given a continuum X, a nonempty subset A of X and a point p € X \ A, we

denote

rxvalp) = J{Ceti(X\A4) |peCy.

Lemma 2.3. Let X be a continuum and let A be a subcontinuum of X. Then A is a nonblock
subcontinuum of X if and only if kx\a(p) (Notation 2.2) is a dense subset of X, for some
pe X\ A

Proof. Suppose that A is a nonblock subcontinuum of X. Then there exists an increasing
sequence of subcontinua {M,}5°, of X \ A such that (J;~, M, is a dense subset of X \ A.
Hence, let p € M;. Note that (J;2; My, C kx\a(p). Thus, kx\4(p) is a dense subset of X.
Conversely, suppose that there exists p € X \ A such that s x\ 4(p) is dense. Let {Uy,};2; be
a countable base of X. Given n € N, let L,, be a subcontinuum of X such that p€ L, C X \ A
and L, NU, # @. If M, = Ly U---U Ly, then {M,,}>%, is an increasing sequence of X such
that (Jo-; M, is a dense subset of X \ 4; i.e., A is a nonblock subcontinuum of X. O

Next lemma follows from the definitions.

Lemma 2.4. Let X be a continuum and let A be a subcontinuum of X. Consider the following
statements:
(1) A is a subcontinuum of colocal connectedness of X ;
(2) X \ A is continuumwise connected;
(3) A is a nonblock subcontinuum of X ;
(4) A is a shore subcontinuum of X ;
(5) A is not a strong centre in X ;
(6) A is a noncut subcontinuum in X.
Then item (j) implies item (k), whenever j € {1,2,3,4,5}, k € {2,3,4,5,6}, and j < k.
In [3], the authors gave examples where it is shown that the converse implications in Lemma 2.4

are not true, for degenerate subcontinua.

Theorem 2.5. Let X be a continuum and let A be a T -closed subcontinuum of X. If X \ A is

connected, then A is a subcontinuum of colocal connectedness of X.

Proof. Let Y = X/A be the quotient space and let ¢: X — Y be the quotient map. Since
qlx\a: X\ A = Y\ {q(A)} is a homeomorphism, we have that Y is semi-locally connected at
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q(A) [18, Theorem 2.1.35]. Observe that Y\ {g(A)} is connected. Thus, Y is colocally connected
at {q(A)}, by [24, (4.14), p. 50]. Therefore, A is a subcontinuum of colocal connectedness of
X. O

Remark 2.6. Let X be a continuum and let A be a T-closed subcontinuum of X. Observe that
in this case, by Theorem 2.5, all the properties of Lemma 2.4 are equivalent. In fact, we can
add that X \ A is connected to [8, Theorem 4.15]. Also observe that it is not required that the

subcontinuum A has empty interior in Theorem 2.5.

Remark 2.7. Note that, by [5, Lemma 3.2], we have that if X is a continuum and n € N, then
Cn(X)\ C1(X) is always connected. Hence, C1(X) is always a noncut subcontinuum of C,,(X).

A map is a continuous function. A map f: X — Y between continua is open provided that
for each open subset U of X, f(U) is an open subset of Y. A continuum which is the inverse
limit of a sequence of arcs and open bonding maps is called Knaster continuum.

The next lemma is [19, Example 4.5].

Lemma 2.8. If X is a Knaster continuum, then Fy(X) is not a subcontinuum of colocal con-
nectedness in Fy(X).

The next result follows immediately from [19, Theorem 4.8].

Corollary 2.9. If X = {(x,sin(1)) | x € (0,1]} U ({0} x [~1,1]), then F5(X)\ F1(X) is not

x

continuumuwise connected.

An order arcis a map a: [0,1] — R, where R € {2%,C,,(X)}, such that if s and ¢ belong to
[0,1] and s < t, then «a(s) € a(t). When it is convenient, we identify o with its image «([0, 1]).

Notation 2.10. Given A € Cy(X)\C1(X) and A = A;UAy, where A and Ag are the components
of A, we denote G4 = (A1, A2) N F5(X). By [20, Lemma 1], G4 is a subcontinuum of F5(X), for
each A € Cy(X)\C1(X). Also, if £ is a subcontinuum of Ca(X)\C1(X), let G, = J{Ga | A € L}.

Lemma 2.11. Let X be a continuum. Let G: Co(X) \ C1(X) — C1(F2(X)) be given by
G(A) = Ga,
for each A € Co(X) \ C1(X) (Notation 2.10). Then G is a map.

Proof. Let {A,}5°, be a sequence in Co(X) \ C1(X) converging to A, for some A € Ca(X) \
C1(X). We show that lim, o G(A,) = G(A). Let A,, = C,, U D,,, for each n € N and let A =
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C' U D. Without loss of generality, we may assume that lim,,_,., C,, = C and lim,,_,o, D,, = D.
We prove that G(A) C liminf G(A,) and limsup G(A4,,) C G(A).

e G(A) Climinf G(A4,).

Let {c,d} € G(A), where ¢ € C and d € D. Then there exist two sequences {c,}>°; and
{dn}52 such that ¢, € C), and d,, € Dy, for each n € N, lim,,_,o ¢, = ¢ and lim,, o dy, = d. If
U is an open subset of Fy(X) containing {c,d}, then there exists k € N such that {c,,d,} € U,
for all n > k. Since {c,,d,} € G(A,), G(A,) NU # @, for every n > k. Therefore, {c,d} €
liminf G(A,) and G(A) C liminf G(A,,).

e limsupG(A4,) C G(A).
Let {z,y} € limsupG(A,). Then there exists a sequence {{cy, , dn, } } 32, such that {c,, ,dn, } €

G(Ayp,), foreach k € N, and limy_, oo {cp, , dn, } = {z,y}. Sincelim,,_,o Cp, = C and lim,, o, D), =
D, {z,y} € (C,D) N F»(X). Thus, {x,y} € G(A). Therefore, limsup G(A,) C G(A).

Therefore, limy, oo G(Ap) = G(A) [22, Theorem (0.7)] and G is a map. O

Corollary 2.12. Let X be a continuum. If L is a subcontinuum of C2(X) \ C1(X), then G
(Notation 2.10) is a subcontinuum of F»(X) \ F1(X) such that LN F»2(X) C Gr.

Proof. Note that G, = (JG(L) = U{Ga | A € L}. Hence, by [22, Lemma (1.48)] and
Lemma 2.11, G, is a subcontinuum of F5(X). Since G(A) N F1(X) = @, for each A €
Cy(X) \ C1(X), we have that G, is a subcontinuum of F»(X) \ F1(X).

Now, observe that if A € LN F5(X), then A = {z,y}, for some x,y € X and A is the unique
element of the set ({z},{y}) N F5(X). Hence, A € G, and LN F5(X) C G,. O

3. COLOCAL CONNECTIVITY OF C1(X) IN Cp(X)

In Remark 2.7, we showed that C),(X) \ C1(X) is connected. We begin this section showing

that for n > 3, we always have that C(X) is a subcontinuum of colocal connectedness of Cy,(X).

Theorem 3.1. Let X be a continuum and let n > 3. Then C1(X) is a subcontinuum of colocal

connectedness of Cy,(X).

Proof. Note that, by [5, Theorem 3.9], if Ay € C,,(X)\ C1(X), then there exists a subcontinuum
L of Cp(X) \ C1(X) such that Ag € Inte, (x)(£); ie., C1(X) is a Tg, (x)-closed set in Cy(X).

Thus, by Theorem 2.5, C1(X) is a subcontinuum of colocal connectedness of Cy,(X). O

Regarding the case n = 2, we have the following:
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Theorem 3.2. Let X be a continuum. If C1(X) is a continuum of colocal connectedness in

Cy(X), then F1(X) is a continuum of colocal connectedness in Fa(X).

Proof. Suppose that C;(X) is a subcontinuum of colocal connectedness of Ca(X). Let V
be an open subset of F5(X) such that Fi(X) C V. Then there exists ¢ > 0 such that
NH|F2(X)(5;F1(X)) C V. Note that NH\CQ(X)(5§01(X)) is an open subset of C2(X) such that
C1(X) C NHlCQ(X) (e;C1(X)). Thus, there exists an open subset W of Cy(X) such that

C1(X) €W € Nigg, oy, (£: C1(X))

and Co(X)\ W is connected. Observe that C2(X)\ W is a continuum such that (Co(X)\ W) N
Ci1(X) = @. Let £ = C2(X) \ W. By Corollary 2.12, G, is a subcontinuum of F»(X) \ F;(X)
such that LN F5(X) C Gr. Let U = Fo(X) \ G¢. Since Fi(X) NG =@, Fi(X) CU.

To see that U C NH|F2(X)(5;F1(X)), let {x,y} € U. Since U = Fo(X)\ G and Fo(X)\ G, C
F>(X)\ (LN F3(X)), we have that

{2y} € B(X)\ £ C Co(X)\ L =W C Ny, (& C1(X)).

Thus, there exists A € C1(X) such that H({z,y}, A) < e. Note that A C By(z;¢e) U By(y;¢),
AN By(z;e) # @ and AN By(y;e) # @. Since A is connected, By(z;¢) N By(y;e) # . Let
z € By(z;e) N By(y;e). Thus, H({z,y}, {z}) < e, and {z,y} € NH‘FQ(X)(E;Fl(X)). Therefore,
U S Nayjy,, (€ F1(X)). Since Ny, (5 F1(X)) €V, we obtain that 2/ C V. O

Question 3.3. Let X be a continuum such that Fy(X) is a subcontinuum of colocal connected-
ness of Fo(X). Then does it follow that C1(X) is a subcontinuum of colocal connectedness of
Cy(X)?

The next result follows from Theorem 3.2 and Lemma 2.8 together.

Corollary 3.4. If X is a Knaster continuum, then C1(X) is not a subcontinuum of colocal

connectedness of Co(X).

The continuum exhibited in the next example is an arcwise connected continuum X such that

C1(X) is not a subcontinuum of colocal connectedness of Ca(X).

Example 3.5. Let A be convex arc in R? between (—1,0) and (1,0), and for each n € N,
let L, be the convex arc in R? between (1,0) and (0, 1) and let J,, be the convex arc in R?
between (—1,0) and (0, —2). Let X = AU, en(Ln U Jy). By [19, Example 4.7], F}(X) is not
a subcontinuum of colocal connectedness of F5(X). This and Theorem 3.2 show that Cy(X) is

not a subcontinuum of colocal connectedness of Co(X).
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Corollary 3.6. Let X be a continuum. Then the following are equivalent:
(1) C1(X) is a subcontinuum of colocal connectedness of Ca(X);

(2) C1(X) is a Ty (x)-closed subcontinuum of Co(X).

Proof. Suppose that C1(X) is a subcontinuum of colocal connectedness of Co(X) and let A €
Cy(X)\ C1(X). Since C1(X) is a subcontinuum of colocal connectedness of Co(X), there exists
an open set U such that C1(X) C U, A € C2(X) \ Clg,(x)(U) and Co(X) \ U is a continuum.
Hence, £ = C2(X) \ U is a subcontinuum of C3(X) \ C1(X) such that A € Inte,(x)(L).

The converse implication follows from Remark 2.7 and Theorem 2.5. O

More can be said if the continuum is aposyndetic.

Corollary 3.7. If X is an aposyndetic continuum, then we have:
(1) C1(X) is a subcontinuum of colocal connectedness of Ca(X)
and

(2) F1(X) is a subcontinuum of colocal connectedness of Fo(X).

Proof. By [5, Theorem 3.9], if Ay € Co(X) \ C1(X), then there exists a subcontinuum £ of
Cao(X)\C1(X) such that Ag € Inte,(x)(L); i-e., C1(X) is a Tey (x)-closed subcontinuum of Cz(X).
Since, by Remark 2.7, Co(X) \ C1(X) is connected, by Theorem 2.5, C1(X) is a subcontinuum
of colocal connectedness of Ca(X).

By Theorem 3.2 and the part (1) of this theorem, we have that (2) holds. O

Remark 3.8. Observe that if X is the harmonic fan [16, Example 1.7.5], X is not aposyndetic,
and it is not difficult to prove that F;(X) is a subcontinuum of colocal connectedness of F5(X).

Hence, the converse of Corollary 3.7 is not true.

Remark 3.9. Note that, by Corollary 3.7, Question 3.3 has a positive answer for aposyndetic

continua.

A continuum X is colocally connected provided that {z} is a subcontinuum of colocal con-
nectedness of X for each x € X. Note that each colocally connected continuum is aposyndetic

[16, Remark 5.4.15]. Hence, from Corollary 3.7, we have the next result.

Corollary 3.10. If X is a colocally connected continuum, then we have:
(1) F1(X) is a subcontinuum of colocal connectedness of Fo(X)

and
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(2) C1(X) is a subcontinuum of colocal connectedness of Ca(X).

Remark 3.11. Every aposyndetic continuum having at least one cut point shows that the converse
of Corollary 3.10 fails.

4. CONTINUUMWISE CONNECTIVITY OF Co(X)\ C1(X)

We consider several classes of continua for which we have that Co(X)\C1(X) is continuumwise

connected.

Theorem 4.1. Let X be a continuum. Then the following are equivalent:
(1) F»(X) \ F1(X) is continuumwise connected;
(2) Co(X) \ C1(X) is continuumuwise connected.

Proof. Suppose that F5(X)\ F1(X) is continuumwise connected. We prove that Ca(X) \ C1(X)
is continuumwise connected. Let A, B € Cy(X) \ C1(X). Let A = A; U Ay and B = By U Bo,
where Ay and A, are the components of A, and By and By are the components of B. Let
a; € A; and b; € B;, for each i € {1,2}. By [22, Theorem (1.8)], there exist order arcs
a and S in Co(X) \ C1(X) from {aj,a2} to A and from {b;,b2} to B, respectively. Since
F5(X) \ F1(X) is continuumwise connected, there exists a subcontinuum £ of F(X) \ F1(X)
such that {aj, a2}, {b1,b2} € L. Observe that « U S U L is a subcontinuum of Co(X) \ C1(X)
such that A, B € a U S U L. Therefore, Co(X) \ C1(X) is continuumwise connected.
Conversely, we suppose that Cy(X)\C1(X) is continuumwise connected. Let {a1, as}, {b1,b2} €
F5(X) \ Fi(X). Since {a1,a2} and {b1, b2} belong to Ca(X) \ C1(X), there exists a subcontin-
uum £ of Co(X) \ C1(X) such that {ai,as} and {b1,bs} are in £. By Corollary 2.12, G, is
a subcontinuum of Fy(X) \ F1(X), and {ai,a2},{b1,b2} € Gr. Therefore, F»p(X) \ Fi(X) is

continuumwise connected. O

A continuum X is called Wilder provided that for any three points z, y and z of X, there
exists a subcontinuum of X containing x and exactly one of y and z. Each arcwise connected

continuum is Wilder [10, p. 2].

Lemma 4.2. If X is a Wilder continuum and xz,y,z € X are distinct, then there exists a

subcontinuum K of F»(X) containing {x,y} and {x, z}, and missing F1(X).

Proof. Let T be a subcontinuum of X containing y and exactly one of z and 2. If z € T
and z ¢ T, then ({z},T) N F5(X) is the required subcontinuum [20, Lemma 1]. Now, assume
that € T and z ¢ T. Let @ be a subcontinuum of X such that z € Q and Q@ N {z,y} is a
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singleton. If x ¢ @ and y € @, then the subcontinuum ({z},T) N F5(X) satisfies the required
properties. Suppose that z € Q and y ¢ Q. Let K = (({z},7) U {y},Q)) N F5(X). Since
{y,z} € {2}, T)n{{y}, @), K is a subcontinuum of F5(X). Observe that {z,y} and {z, z} both
belong to K. Since y ¢ @ and z ¢ T, we have that X N F1(X) = @. Therefore, K satisfies the

required properties. O

In [19, Theorem 4.6], it is mentioned that if X is an arcwise connected continuum, then
F5(X) \ F1(X) is also arcwise connected. Hence, F5(X) \ F1(X) is continuumwise connected.
In the following result, we generalize [19, Theorem 4.6] by showing that Fy(X) \ Fi(X) is

continuumwise connected when X is a Wilder continuum.
Theorem 4.3. If X is a Wilder continuum, then F5(X) \ F1(X) is continuumwise connected.

Proof. Let {z,y} and {w, z} be two distinct elements of F»(X)\ F1(X). If {z,y} N{w, z} # &,
then there exists a subcontinuum K of F5(X) containing {z,y} and {w, z}, and missing F;(X)
(Lemma 4.2). Now, assume that {z,y}N{w, z} = @. By Lemma 4.2, there exist two subcontinua
K1 and Ky of F»(X) such that {z,y},{w,y} € K1 C F»o(X) \ F1(X) and {w,y},{w,z} € K3 C
F5(X) \ Fi(X). Then K; U Kg is a subcontinuum of F»(X) containing {x,y} and {w, z}, and
contained in F5(X) \ F1(X). Therefore, F»(X) \ F1(X) is continuumwise connected. O

The next result follows from Theorems 4.1 and 4.3.
Corollary 4.4. If X is a Wilder continuum, then Co(X) \ C1(X) is continuumwise connected.

Remark 4.5. In Example 3.5, it is shown an arcwise connected continuum such that C1(X) is not
a subcontinuum of colocal connectedness of Co(X) and F;(X) is not a subcontinuum of colocal
connectedness of F5(X). Thus, since every arcwise connected is Wilder [10, p. 2], Theorem 4.3

and Corollary 4.4 cannot be improved.

A continuum X is freely decomposable if for each pair of points p and g of X, there exist
subcontinua P and @ of X such that X = PUQ, p € P\ Q and ¢ € Q \ P. Each freely
decomposable continuum is Wilder (see [6, Theorem 3.10]).

Corollary 4.6. If X is a freely decomposable continuum, then we have:

(1) Fo(X) \ F1(X) is continuumuwise connected,

and

(2) C2(X) \ C1(X) is continuumwise connected.
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By [10, Theorem 3.6], every semi-aposyndetic continuum is Wilder. Hence, by Theorem 4.1

and Corollary 4.4, we obtain:

Corollary 4.7. Let X be a semi-aposyndetic continuum. Then we obtain:
(1) Fo(X) \ F1(X) is continuumuwise connected,
and

(2) Co(X) \ C1(X) is continuumwise connected.

A continuum X is a continuum-chainable continuum provided that for each ¢ > 0 and every
pair of points 1 and x of X, there exists an e-chain of continua {K1, ..., K,} (i.e., K;NK; # @
if and only if |j — [| <1 and diam(K;) < e, for all j and [ in {1,...,n}) such that z; € K; and
x9 € K. Note that every continuum-chainable continuum is a Wilder continuum [10, Theorem
3.2]. Thus, by Theorem 4.1 and Corollary 4.4, we have:

Corollary 4.8. Let X be a continuum-chainable continuum. Then
(1) F»(X) \ F1(X) is continuumwise connected,
and
(2) Co(X) \ C1(X) is continuumuwise connected.
Remark 4.9. Note that, with respect to Corollary 4.8, we can say more since, by [7, Theorem

3.12], we have that if X is a continuum-chainable continuum, then Co(X) \ C1(X) is arcwise

connected.

A continuum X is a strongly Wilder continuum provided that if x, y and z are three distinct
points of X, there exists a subcontinuum K of X such that {z,y} C K and z € X \ K. Note
that colocally connected continua are strongly Wilder [6, Proposition 3.9].

Corollary 4.10. If X is a strongly Wilder continuum, then

(1) F»(X) \ F1(X) is continuumwise connected,
and

(2) Co(X) \ C1(X) is continuumwise connected.

Proof. The condition on X implies that X is a Wilder continuum. By Theorem 4.3, the space
F5(X) \ F1(X) is continuumwise connected. Now, by Theorem 4.1, C3(X) \ C1(X) is continu-

umwise connected. O

Example 4.15 shows that the converse of Corollary 4.10 is not true.
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Lemma 4.11. Let X be a continuum such that there exist proper subcontinua M and N of X,
where X = MUN. Letpe M\ N and g € N\ M. If A and B are proper disjoint subcontinua
of X such that A\N # @ and BONN # &, then there exists a subcontinuum L of Co(X)\ C1(X)
such that {AU B,{p,q}} C L.

Proof. Let a € A\ N and b € BN N. Let oy and ag be order arcs from {b} to N, and from {q}
to N, respectively [22, Theorem (1.8)]. Note that

A={{a}UI|I€ajUas}

is a subcontinuum of Cy(X) \ C1(X) such that {{a,b},{a,q}} C A. Let 8 be an order arc from
{a} to M and let B = {{q} UI | I € B}. Thus, B is a subcontinuum of Cy(X) \ C1(X) and
{{a,q},{p,q}} C B. Hence, AUB is a subcontinuum of Co(X)\C1(X) such that {{a, b}, {p,q}} C
AU B. Finally, there exists an order arc vy from {a,b} to AU B. Therefore, L=yUAUB is a
subcontinuum of Co(X) \ C1(X) such that {AU B, {p,q}} C L. O

A subcontinuum K of a continuum X is terminal provided that if L is a subcontinuum of X
satisfying that K N L # &, then either K C L or L C K.

A A-dendroid is a hereditarily decomposable and hereditarily unicoherent continuum.

Lemma 4.12. Let X be a A-dendroid. Let A1 and Ay be disjoint subcontinua of X and let L be
an irreducible subcontinuum of X between Ay and Ao. If L is not terminal, then there exists a
subcontinuum S of X such that S\ L # &, and either SN A1 # & and A3\ S # &, or SNAy # &
and A1\ S # @.

Proof. Let A1 and As be subcontinua of X such that A1 N Ao = &, and let L be an irreducible
subcontinuum of X between A; and As. Since X is hereditarily decomposable, there exist two
proper subcontinua M and N of L such that L = M UN. We assume that A; L C M\ N and
AyNL C N\ M. Since L is not a terminal subcontinuum of X, there exists a subcontinuum R
of X such that RNL # @, R\ L # @ and L\ R # @. Since X is hereditarily unicoherent, we

have that RN L is a proper subcontinuum of L. We consider two cases:

Case (1). RNLNA =2.

If RNLNN # &, then S = RUN is a subcontinuum of X such that SN Ay # @, A1\ S =0
and S\ L# @. If RNLNN =@, then S = RU M satisfies the conditions of the lemma.

Case (2). RNLNA # 2.

Observe that, in this situation, we have that RN LN Ay = &, as in Case (1), we find S

satisfying all conditions in lemma. (]
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Theorem 4.13. Let X be a A-dendroid. If X does not contain a nondegenerate proper terminal

subcontinuum, then Co(X) \ C1(X) is continuumuwise connected.

Proof. Let M and N be proper subcontinua of X such that X = M UN. Let p € M \ N and
g€ N\ M. Let D € Cy(X) \ C1(X), and let A and B be the components of D. We show that
there exists a subcontinuum £ of Cy(X) \ C1(X) such that {D,{p,q}} C L. To this end, let L

be an irreducible subcontinuum of X between A and B. We consider two cases.

Case (1). L\N #@ and L\ M # @.

Note that LNM and LNN are proper subcontinua of L such that L = (LNM)U(LNN). Since
L is irreducible between A and B, we may assume that ANL C L\ N and BNL C L\ M. Thus,
A\ N # @ and BN N # @. By Lemma 4.11, there exists a subcontinuum £ of Cy(X) \ C1(X)
such that {D, {p,q¢}} C L.

Case (2). LC M or L C N.
Suppose that L C M. Let J be an irreducible subcontinuum of X between {q} and L. We

consider two subcases:

Subcase (2.1). L\ J # @.

Since L N J is a continuum and L is irreducible between A and B, by Lemma 4.12, we may
assume that A\ J # @ and BNJ # &. Let Z = M UJ. Note that M and J are proper
subcontinua of Z. Let p’ € M \ J. Since ANM # @ and BN J # &, we have that there exists
a subcontinuum £; of Co(Z) \ C1(Z) such that {D,{p/,q}} C L1, as stated in Lemma 4.11.
Furthermore, also by Lemma 4.11, there exists a subcontinuum L of Cy(X) \ C1(X) such that
{{p,q¢},{p',q}} C Lo. Thus, we define £ = L4 U Ly, which is a subcontinuum of C(X) \ C1(X)
and {{p,q}, D} C L.

Subcase (2.2). L C J.

Since X does not have any terminal subcontinuum, by Lemma 4.12, there exists a continuum
T such that TN A # @&, B\T # @ and T\ L # @&. Let by € B\ T. Using similar ideas as in
Subcase (2.1) and by Lemma 4.11, there exists a subcontinuum £ of Co(M U J) \ C1(M U J)
such that {TU AU {bo},{p,q}} C L.

Let o and 8 be order arcs from A to T'U A, and from {by} to B, respectively [22, Theorem
(1.8)]. We define E ={EU{by} | E € a} and F = {AUD | D € 8}. Observe that £ and F are
subcontinua of Co(X) \ C1(X) such that TUAU{by} € £, AUB € F and AU {by} € ENF.
Thus, LU E U F is a subcontinuum of Cy(X) \ C1(X) such that {D,{p,q}} CLUEUF.
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Therefore, C2(X) \ C1(X) is continuumwise connected. O
Next result follows from Theorems 4.1 and 4.13.

Corollary 4.14. Let X be a A-dendroid. If X does not contain a nondegenerate proper terminal

subcontinuum, then Fy(X)\ F1(X) is continuumwise connected.
The continuum in the next example shows that the converse of Corollary 4.10 is not true.

Example 4.15. There exists a A-dendroid X such that X is not strongly Wilder and F5(X) \
Fy(X) is continuumwise connected.

Let X be the plane continuum ({0} x [-1,2]) U {(z,sin(L)) | z € (0,1]}. Note that X is a
A-dendroid and X does not contain a nondegenerate proper terminal subcontinuum. By Corol-
lary 4.14, F»(X) \ F1(X) is continuumwise connected. Finally, observe that each subcontinuum
K of X containing (0,0) and (0, —1) contains (0,1). Hence, X is not strongly Wilder.

Remark 4.16. Let X be the Sin(%)—continuum. Then X is a A-dendroid containing a nondegen-
erate proper terminal subcontinuum. By Corollary 2.9, F5(X) \ F1(X) is not continuumwise

connected. In conclusion, the conditions on X of Corollary 4.14 can not be omitted.

Question 4.17. Let X be a hereditarily decomposable continuum. If X does not contain a
nondegenerate proper terminal subcontinuum, then does it follow that Fo(X) \ F1(X) is contin-

uumwise connected?

Remark 4.18. Note that, by Theorem 4.19 and Corollary 4.7, the answer to Question 4.17 is
affirmative for the class of semi-aposyndetic continua. A similar proof to the one given in
[18, Lemma 1.4.52] shows that semi-aposyndetic continua do not contain nondegenerate proper

terminal subcontinua.

Let X be a continuum. The diagonal of X? is the set Ax = {(z,z) | z € X}. By [15, Lemma
11], we have that if X is an arc-like continuum, then X2\ A is not continuumwise connected.
In Theorem 4.22, we prove that F»(X) \ F1(X) is not continuumwise connected, when X is an
indecomposable arc-like continuum.

Theorem 4.19. Let X be an indecomposable chainable continuum. Then:

(1) If L is a subcontinuum of Fo(X) \ F1(X), then |JL # X.

(2) If £ is a subcontinuum of Co(X) \ C1(X), then |JL # X.
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Proof. We prove (1). Suppose that £ is a subcontinuum of F»(X) \ F1(X) such that |J£ = X.
Let fo: X? — F5(X) be the map given by fo((x,9)) = {x,y}, for each (z,y) € X2. It is
well known that fo is open [15, Lemma 9]. Hence, there exists a continuum A in X? such
that fa(A) = L [24, Theorem (7.5), p. 148]. Note that AN Ax = @. We denote the natural

projections from X? onto X by m; and 7o, respectively.

Claim. 7(A) = X or m(A) = X.

Since |J£ = X, there exist three points {a1, a2}, {b1,b2} and {c1,c2} in £ such that a1,b;
and ¢; belong to different composants of X. Thus, there exist a,b,c¢ € A such that fa(a) =
{a1,a2}, f2(b) = {b1,b2} and fa(c) = {c1, c2}. Hence, we have that either [{mi(a), 71 (b), m1(c)}N
{a1,b1,c1} > 2 or [{ma(a), m2(b), m2(c)} N{a1,b1,c1}| > 2. In any case, since A is a continuum
and X is irreducible between any two points in {a1, by, c1}, we have that m(A) = X or me(A) =
X.

Suppose that m(A) = X. Since AN Ax = &, there exists € > 0 such that d(z,y) > e,
for all (x,y) € A. Also, since X is arc-like, there exists an e-map f: X — [0,1]. Note that
fxf: X xX — [0,1] x[0,1] is an e-map (we use the “max” metric on X x X). Hence,
(fx HA)N(f x f)(Ax) = &, otherwise, f X f would not be an e-map. Let py: [0,1] x [0,1] —
[0,1] and pa: [0,1] x [0,1] — [0, 1] be given by p1((s,t)) = s and pa2((s,t)) = t; i.e, these are the
projection maps from the square onto the unit interval. Since p1((f x f)(A)) = f(m1(A)) = [0, 1]
and pa((f % F)(Ax)) = f(ma(Ax)) = [0,1], we have that (f x £)(A) N (f x f)(Ax) # @ [21,
Theorem 130, p. 158], a contradiction. Therefore, | J £ # X. A similar contradiction is obtained

if mo(A) = X.
To show (2). Note that if £ is a subcontinuum of Cy(X)\ C1(X), then G, is a subcontinuum
of F5(X)\ F1(X) (Corollary 2.12), where | J£ = |JG,. Therefore, (2) follows from (1). O

Remark 4.20. Let X be a decomposable continuum, let A and B be proper subcontinua of X
such that X = AUB, andleta € A\Bandbe B\ A. If L = {{a,z} | z € B}U{{w,b} | w € A},
then £ is a subcontinuum of F»(X) \ F1(X) such that |J£ = X. Thus, Theorem 4.19 does not

hold if X is not an indecomposable continuum.

Remark 4.21. Let X be the indecomposable continuum defined in [13, Theorem 3.2]. Note
that F1(X) is a subcontinuum of colocal connectedness of F5(X) [14, Corollary 8]. If a, b, ¢ are
distinct points in different composants of X, then there exists a continuum £ C Fp(X) \ F;(X)
such that {a,b},{a,c} € L. Since |JL € C3(X) and {a,b,c} C |JL, we have that |JL = X.
Thus, Theorem 4.19 does not hold if X is not chainable.
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Theorem 4.22. Let X be an indecomposable chainable continuum. Then F(X)\ F1(X) is not

continuumuwise connected.

Proof. Let a,b,c,d be distinct points in different composants of X (the composants of indecom-
posable continua are pairwise disjoint [12, Theorem 3-47]). If £ is a subcontinuum of F5(X) such
that {{a,b},{c,d}} C L, then |JL € C2(X) and each component of |J £ intersects both {a, b}
and {c,d} [16, Lemma 6.1.4]. Thus, since X is irreducible between any two points of {a, b, ¢, d},
we have that |J£ = X. Therefore, LN F1(X) # @ (Theorem 4.19), and F5(X) \ F1(X) is not

continuumwise connected. O

As a consequence of Theorem 4.22, by Lemma 2.4, we obtain [19, Example 4.5].

The next corollary follows from Theorems 4.22 and 4.1.

Corollary 4.23. Let X be an indecomposable chainable continuum. Then Co(X) \ C1(X) is

not continuumuwise connected.
Since Knaster continua are chainable, we obtain:

Corollary 4.24. Let X be a Knaster continuum. Then Cy(X) \ C1(X) is not continuumwise

connected.

As a consequence of Theorem 4.1 and Corollary 4.24, we have the next result. This corollary

is stronger than Lemma 2.8.

Corollary 4.25. If X is a Knaster continuum, then Fy(X) \ F1(X) is not continuumwise

connected.

Let X be a continuum and let p be a point of X. Then the union composant of p, denoted
by 7 (p), is:

KX (p) = U{M | M is a continuum-chainable subcontinuum of X and p € M}.

u

We write k,(p) if there is no possibility of confusion. Note that k,(p) is a connected subset of
X [4, Corollary 6.5].

Notation 4.26. For non-empty closed subsets A and B of a compact metric space (X,d), let
d(A, B) = inf{d(a,b) | a € A,b € B}.

Lemma 4.27. Let X be a continuum with metric d. If A, B € C1(X) and ¢ € (0,d(A, B)), then
AUB € Cy(X)\ Ny (%,Cl(X))
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Proof. Suppose that there exists E € C1(X) such that H(E, AUB) < 5. Then E C Ny (5;A)U
Ny (5;B) and AUB C Ny (§;E). Since the union of the disjoint open subsets Ny (5; A)
and Ny (5;B) of X contains the subcontinuum E, either E C Ny (5;4) or E C Ny (§; B).
Assume E C N, (%7 A). This inclusion and the fact that B C Ny (%, E) together imply that
B C Ngi(e;A). This contradicts the choice of €. Therefore, H(E,AU B) > § for each E €
C1(X). O

Lemma 4.28. Let X be a continuum. Suppose that there exist a point p in X, a subcontinuum
A of X and e > 0 such that:

e 1y (p) is a dense subset of X;

and
e By (A;e) NCr(ku(p)) = 2.

Then there exists a subcontinuum L of Co(X) \ C1(X) such that:
(1) L has a component in A, for each L € L;

and

@) UL=X.

Proof. Since k,(p) is a dense subset of X and A is a proper closed subset of X, we may assume
that

Bi(p;e)NA=g2. (4.1)

We show first that if # € ky(p), then there exists a subcontinuum S of Co(X) \ Ny (5; C1(X))
such that {p} UA € S, x € |JS, and each element of S has a component contained in A.

Since © € Ky (p), there exists a continuum-chainable subcontinuum N of X such that x,p €
N. Let {N1,...,Np} be an §-chain of continua such that p € N1, * € Np. Note that
N1U---UN,, € N C ky(p). Thus, each N; ¢ By (A; ). This implies that either A\Ny(e; Nj) # @
or Nj \ Ny(e; A) # @.

Let J1 = {j € {1,...,m} | Nj C Ny(e;A)} and let Jo = {1,...,m} \ Ji. We have that
1 € Jy by (4.1). Take x; = p and for each j € Jp with j > 2, let x; € N; \ Ny(e; A) and let
N ={{z;}UE : E € C1(A)}. We apply Lemma 4.27 to conclude that if j € Jo, then the
subcontinuum N of Co(X) satisfies that Nj NNy (5;C1(X)) = @. Let S1,52,..., 5, be the
s N Observe that each Sy C ky(p) and Si C Ny(e; A). This implies that
there exists wy, € A\ Ny(g; Sg) for each k € {1,2,...,r}. By Lemma 4.27, we obtain that the
subcontinuum Sy, = {{wx} UD : D € C1(Sk)} of Co(X) satisfies that S, NNy (5;C1(X)) = 2.

components of J
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Let § = NG U S | ke {l,2,...,r}}). The subcontinuum S satisfies the required
jeJ2 J

properties.

Let {x;}5°, be a dense subset of £, (p). Let M; be the continuum constructed in the previous
paragraph such that {p} UA € M;, M; C Co(X)\Ny(5;C1(X)) and z; € |J M, for each i € N.
Let £ = Clgy,(x)(Uj2; M;). Observe that since [ J;2; M; is connected, £ is a subcontinuum of
Co(X) \ Ci(X). Moreover,  |J:2; M; C Co(X) \ Nyu(5:C1(X)) and
Co(X) \ Ny (5:C1(X)) is closed. Thus, £ C Co(X) \ Ny(5:C1(X)). Let M € M;, for some
1 € N. Let M = RUS, where R and S are the components of M. We know that either R C A
or S C A. Thus, if L € £, then L has a component in A. We have condition (1). Also, |J £ is a
compact subset of X containing {z;}3°,. Therefore, X = J L. O

Lemma 4.29. Let X be a continuum. Suppose that there exist a point p in X, a subcontinuum
A of X and e > 0 such that:

e 1yu(p) is a dense subset of X;
and
* By (A;e) N Ci(ku(p)) = 2.

If Cy,...,C, are subcontinua of X \ A, then there exists a subcontinuum L of Ca2(X) \ C1(X)
such that |JL =X and {AUCy,...,AUC,} C L.

Proof. By Lemma 4.28, there exists a subcontinuum S of Co(X) \ C1(X) such that S has a
component in A, for each S € §, and |JS = X. Let S = 51 U S2 € S be such that S; C A and
SaNCy # @. Let a € S1 C Aand z € SN C1. By [22, Theorem (1.8)], there exist order arcs aq,
ag, /1 and By from {a} to A, from {a} to Si, from {z} to Cy and from {z} to So, respectively.
Let

Ji={MUN |[M€ajand N € 51} U{MUN | M € az and N € (2}

Observe that 7 is a subcontinuum of Cy(X) \ C1(X) such that AUC; € J; and S € 71 NS.
Hence, S U J; is a subcontinuum of Cy(X) \ C1(X).

Similarly, for each ¢ € {2,...,n}, there exists a subcontinuum J; of C2(X) \ C1(X) such that
AUC; € J; and J;NS # @. Therefore, L = SUJ1U---UJ, is a subcontinuum of Ca(X)\ C1(X)
such that |J£ =X and {AUCY,...,AUC,} C L. O
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Theorem 4.30. Let X be a continuum such that X = TUR, where R = [0,00), I = Clx(R)\ R
and I is arcwise connected. If C1(R) is not dense in C1(X), then Cy(X) \ C1(X) is continuum-

wise connected.

Proof. Since C}(R) is not dense in Cj(X), we have that there exist a proper subcontinuum A
of I and € > 0 such that By(A;e) NCy(R) = &. By Lemma 4.28, there exists a subcontinuum
L of Co(X) \ C1(X) such that L has a component in A, for each L € £, and (J£L = X. Let
B € C3(X) \ C1(X) and let C and D be the components of B. We show that there exists a
subcontinuum S of Co(X) \ C1(X) such that SN L # @ and B € S. We consider two cases:

Case (1). BCI.

Since I is arcwise connected, Ca(I) \ C1([) is continuumwise connected. Note that £ N
(Co(I)\ C1(I)) # @. Hence, there exists a subcontinuum S of Cy(I) \ C1(I) such that B € S
and SN L # @.

Case (2). BNR # @.
Note that there exists a subcontinuum M of X such that either CUA C M and DNM = @,
or DUAC M and CNM = @. Suppose that CUA C M and DN M = @&. Let

S={DUR|ReCy (M)}

Observe that {B, DU A} C S. Also, by Lemma 4.29, we may assume that DU A € L. Thus, S
is a subcontinuum of Cy(X) \ C1(X) such that SN L # @ and B € S. O

In Corollary 2.9 it is shown that if X is the sin(1/x)-continuum, then F»(X) \ F1(X) is not
continuumwise connected. Next theorem follows from Theorems 4.1 and 4.30. It shows that for

some compactifications of [0,00), F»(X) \ F1(X) is continuumwise connected.

Theorem 4.31. Let X be a continuum such that X = TUR, where R = [0,00), I = Clx(R)\ R
and I is arcwise connected. If C1(R) is not a dense subset of C1(X), then Fo(X) \ Fi(X) is

continuumuwise connected.

Note that if X is a ray converging to a simple triod (see the continuum pictured in Figure 1
below), X contains a terminal subcontinuum of X and, by Theorem 4.31, F5(X) \ F1(X) is

continuumwise connected.
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Figure 1.

Theorem 4.32. Let X be an indecomposable continuum such that each composant of X is a

union composant. Then one of the following holds:

(1) (k1,k2) N Cao(X) is dense in Co(X), for each two different composants
K1 and ko of X,
or

(2) There exists a subcontinuum L of Co(X) \ C1(X) such that |JL = X.

Proof. Suppose that there exist two different composants k1 and ko of X such that (k1, k) N
C2(X) is not dense in Ca(X); i.e., there exist A € Co(X)\C1(X) and € > 0 such that By (A;e)N
(k1,ke) = @. Let A and Ag be the components of A. Without loss of generality, we may assume
that By(A1;¢) N Ci(k1) = @. Since the composants of X are dense in X [12, Theorem 3-44],

now the theorem follows from Lemma 4.28. O

Remark 4.33. By Theorem 4.32, there exists a subcontinuum £ of C2(X) \ C1(X), where X is
the continuum in Figure 2, such that | J£ = X. (Compare with Theorem 4.19.)

Figure 2.
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5. C1(X) IS A NONBLOCK CONTINUUM
The following result is [19, Theorem 3.5].
Theorem 5.1. Let X be a continuum. Then Fi(X) is a nonblock subcontinuum of Fo(X).
We have the following natural question.
Question 5.2. Given a continuum X, is C1(X) a nonblock subcontinuum of Co(X)?
In this section, we give partial answers to Question 5.2.

A continuum X has the property of Kelley at a point p € X provided that for every ¢ > 0,
there exists a § > 0 such that if A is a subcontinuum of X and p € A, then for each x € X such
that d(z,p) < 6, there exists a subcontinuum B, of X such that x € B, and H(A, B;) < € [23,
p. 292]. The number § in the definition is called a Kelley number for (X,e,p). A continuum
X has the property of Kelley provided that X has the property of Kelley at each of its points;
in this case, for each € > 0, it follows from compactness (using the Lebesgue number of a cover
[16, Theorem 1.6.6]) that there is a 6 > 0 that is a Kelley number for (X, e,p), for all p € X,
which we call a Kelley number for (X, ¢).

A continuum X has the property of Kelley weakly provided that there exists a dense subset
A of C1(X) such that X has the property of Kelley at some point of each A € A.

A proof of the following result can be found in [17, Corollary 4.11]. We include its proof for

the convenience of the reader.

Lemma 5.3. Let X be a continuum with the property of Kelley weakly and let n be a positive
integer. Then for each open subset U of Cy,(X), there exists A € U such that X has the property

of Kelley at some point a of each component of A.

Proof. Let U be an open subset of C,(X), let K € U and let V1,...,V; be open subsets of X
such that K € (Vi,...,V;)NC,(X) CU. Let L be a component of K and let Vj,,..., V], denote
all the elements of Vi,...,V; that L intersects. Then L € (Vj,,...,V},) N C1(X). Since X has
the property of Kelley weakly, there exists M € C1(X) such that M € (V},,..., V) N Ci(X)
and X has the property of Kelley at some point a of M. Let A; = (K \ L) U M. Then
Ay € (Vi,..., Vi) NCp(X) CU and X has the property of Kelley at a € M C A;. Repeat this
process with each component L’ of K to obtain an element R of U satisfying that X has the
property of Kelley at some point of each component of R. O

Theorem 5.4. If X is a continuum with the property of Kelley weakly, then C1(X) is a nonblock

subcontinuum of Co(X).
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Proof. Since F1(X) is a nonblock subcontinuum of F5(X) [19, Theorem 3.5], there exists an
increasing sequence of subcontinua {£j}32; of F5(X) \ Fi(X) such that |J;2, Ly is a dense
subset of F5(X) \ F1(X). Let {Uy}32, be a decreasing sequence of open subsets of C(X) such
that C1(X) = (2, Ux and Clg,(x)(Ur) N Ly = @, for each k € N. Given k € N, let My, be the
component of the closed subset Co(X) \ Uy, that contains L. Hence, {M}}72, is an increasing
sequence of subcontinua of Cy(X) \ C1(X).

To see that |Jpo; My, is a dense subset of Co(X) \ C1(X), let A € Co(X) \ C1(X), whose
components are A; and Ay, satisfying that X has the property of Kelley at a; € A;, j € {1,2},
(Lemma 5.3) and let ¢ > 0. Since C1(X) is closed, we may assume that By(e; A)NC1(X) = @.
Let 0 > 0 be a Kelley number for a;, ag and €. Note that {a;, az} is an element of F»(X)\ F1(X).
Since Clg,(x)(UpZ; £x) = F2(X), we obtain that there exists {b1,ba} € Ly, for some m € N,
such that H({a1, a2}, {b1,b2}) < d. Thus, there exist By, By € C1(X) such that by € By, by € By,
H(A1,B1) < ¢ and H(A2,B2) < €. Let B = By U By. Hence, H(A,B) < ¢, and B belongs
to Ca(X) \ C1(X). Let o be an order arc from {b1,b2} to B [22, Theorem (1.8)]. Then each
element of « is a closed subset of X having exactly two components. Thus, from the fact that
{Ca(X) \ Clgy,(x)(Uk) }72, is an increasing sequence consisting of open subsets covering «, we
have that there exists j € N such that j > m and o C C2(X) \ Clg,(x)(U;). Since a N L; # @,
a C M;. Hence, By(e;A) N M, # &, and ;2 ; My, is a dense subset of Ca(X) \ C1(X).
Therefore, C7(X) is a nonblock subcontinuum of Cy(X). O

Corollary 5.5. If X is a continuum with the property of Kelley, then C1(X) is a nonblock

subcontinuum of Ca(X).

By Lemma 2.4, if Co(X) \ C1(X) is continuumwise connected, then C7(X) is a nonblock
subcontinuum of C3(X). In the next example, we show a continuum with the property of
Kelley such that Cy(X)\ C1(X) is not continuumwise connected. Thus, Theorem 5.4 cannot be
improved.

Example 5.6. Let X = {(z, sin(%)) | x € (0,1]} U ({0} x [-1,1]). Then X is a continuum with
the property of Kelley. By Corollary 2.9, F5(X) \ F1(X) is not continuumwise connected. Note
that, by Theorem 4.1, we obtain that Co(X) \ C1(X) is not continuumwise connected.

Theorem 5.7. Let X be a continuum such that X = I U R, where R~ [0,00), I = Clx(R)\ R

and I is arcwise connected. If C1(R) is dense in C1(X), then C1(X) is a nonblock subcontinuum

OfCQ(X)
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Proof. Suppose that C1(R) is dense in C1(X). Let K € Cy(R)\ Ci(R). We show that
Koy (x )\ (x)(K) is a dense subset of Co(X) (Lemma 2.3). Let B = C U D be an element
of C2(X)\ C1(X) and let £ > 0. Since C1(R) is dense in C1(X), there exist C’ and D" in C;(R)
such that H(C,C") < ¢, H(D,D') < e and C' N D" = @. Since R = [0,00), there exists an
arc J C R such that K UC"U D’ C J. Note that, by Corollary 3.7, Co(J) \ Cy(J) is contin-
uumwise connected (an arc is an aposyndetic continuum). Hence, there exists a subcontinuum
L of Cy(J)\ C1(J), where {K,C"U D’} C L. Note that C" U D’ € L N By(B;e). Therefore,
Koy (x)\¢1(x)(K) is a dense subset of C2(X) and C1(X) is a nonblock subcontinuum in Co(X)
(Lemma 2.3). O

Lemma 5.8. Let X be a chainable indecomposable continuum, let A be a proper subcontinuum
of X and let k be a composant of X. Then there exists a sequence {K,}>2, of subcontinua of

converging to A.

Proof. We may assume that A Nk = @. Let € > 0. Since X is chainable, there exist open
connected subsets Uy,...,U, of R? such that diam(U;) < §, for each i € {1,...,n}, X C
UyU---UUy,, and {Uy,...,Uy,} is a chain [2, Theorem 5]. Let {i1,...,%} C {1,...,n} be such
that A € (U;,,...,U;). Note that U;; U---UUj, is connected. Since  is dense, there exists
a subcontinuum L of x such that L NU;; # @, for every j € {1,...,l}. By the Boundary
Bumping Theorem [18, Theorem 1.4.36], and the connectedness of L, we have that there exists
a component K of L\ (U;; UUjy,) such that K N Clg2(U;,) # @ and K N Clg2(U;;) # @. Since
diam(U;) < §, for all i € {1,...,n}, H(A,K) < e. Also, ¢ was arbitrary and K C x. Thus,

there exists a sequence {K,}°° ; of subcontinua of x converging to A. O

In the following theorems, we show sufficient conditions to have that C7(X) is a nonblock

subcontinuum of Co(X).

Theorem 5.9. If X is a chainable indecomposable continuum, then C1(X) is a nonblock sub-

continuum of Co(X).

Proof. Let k1 and kg be two different composants of X. We show that (k1, ko) N C2(X) is dense
in Co(X)\ C1(X). Let A= A;UAs be a point in Co(X)\ C1(X) and let € > 0. By Lemma 5.8,
there exist two subcontinua Kj of k1 and K of kg, such that H(A1, K1) < € and H (A2, K3) < €.
Hence, H(A, K1 U K3) < e. Note that K1 U Ko € (k1,k2) N Co(X). Thus, (k1,ke) N Ca2(X) is
dense in Co(X) \ C1(X). O

The following result is [2, Theorem 4].
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Theorem 5.10. Suppose X is a circularly chainable continuum and let { Dy, }2°_, be a sequence
of circular chains covering X such that mesh(D,,) approaches 0 as m increases without limit,
and Dp,11 circles Dy, exactly once. Then there exists an embedding h of X into the plane such
that for each positive number e, h(X) can be covered by a circular chain each of whose links is

the interior of a round disk of diameter less than €.
Using Theorem 5.10, the proof of the following lemma is similar to the one given for Lemma 5.8.

Lemma 5.11. Let X be a circularly chainable indecomposable continuum as in the statement
of Theorem 5.10, let A be a proper subcontinuum of X and let k be a composant of X. Then

there exists a sequence {K,}22 , of subcontinua of K converging to A.
The proof of the following result is similar to the one given for Theorem 5.9.

Theorem 5.12. Let X be an indecomposable circularly chainable continuum as in the statement
of Theorem 5.10. Then C1(X) is a nonblock subcontinuum of Ca(X).

Theorem 5.13. Let X be an indecomposable continuum such that each composant of X is a

union composant. Then C1(X) is a nonblock subcontinuum of Ca(X).

Proof. Let p € X. We consider two cases:
Case (1). Ci(ku(p)) is a dense subset of C1(X).

Let B € C2(ku(p)) \ C1(ku(p)). We see that ke, x)\cy(x)(B) is dense in Co(X) \ C1(X). Let
D € Cy(X)\ C1(X) and let e > 0. Since Ci(ky(p)) is dense, there exists D' € Ca(kyu(p)) \
C1(ku(p)) such that H(D, D) < e. Let By and D{, be in F5(X)\ F1(X) such that By C B, D, C
D' and there exist order arcs « from By to B, and 7 from D{, to D’ [22, Theorem (1.8)]. Let M
be a continuum-chainable subcontinuum of &, (p) such that By U Dy € M [4, Lemma 3.2]. By
Corollary 4.8, Co(M )\ C1(M) is continuumwise connected. Thus, there exists a subcontinuum R
of Co(M)\ C1(M) such that By, Dy € R. Note that if K = RUa U, then K C ke, (x)\c, (x)(B)
and KN By(D;¢e) # @. Therefore, C1(X) is a nonblock subcontinuum in Cy(X) (Lemma 2.3).

Case (2). C1(ky(p)) is not dense.

Let A € C1(X) and let € > 0 be such that By (A;e) N Ci(kyu(p)) = @. By Lemma 4.28, there
exists a subcontinuum L4 of Cy(X) \ C1(X) such that |JL4 = X and if L = Ly U Ly € Ly,
then L; C A.
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We prove that x¢,(x)\c, (x)(L) is dense, where L is any element of £4. Let B € Co(X)\C1(X)
and let 0 > 0. In order to prove that re,(x)\cy(x)(L) is dense, we show that there exists a
subcontinuum S of Cy(X) \ C1(X) such that SN L4 # & and S N By (B;0) # @. Let o be the

composant of X such that A C o. We consider two subcases:

Subcase (2.1). B € Clg,(x)(C2(0)).

Let D € C2(0)\ Ci(0) be such that H(B, D) < ¢, and let L' € L4, where L' C . Let M be a
continuum-chainable subcontinuum of &, (p) such that DU L' C M. By Corollary 4.8, Co(M) \
C1(M) is continuumwise connected. Thus, there exists a subcontinuum S of Cy(M) \ C1(M)
such that D, L' € S. Thus, S is a subcontinuum of Cy(X) \ C1(X) where L4 NS # @ and
SN By(B;d) # 2.

Subcase (2.2). B=CUD and D ¢ Clg,(x)(C1(0)).

Let Lp be a subcontinuum of Cy(X) \ C1(X) such that |JLp = X (see Lemma 4.28). By
Lemma 4.29, we may assume that D UA € Ly NLp and B € Lp. Thus, S = Lp is a
subcontinuum of Cy(X) \ C1(X) such that SN L4 # @ and S N By(B; ) # @.

Therefore, k¢, (x)\c, (x)(L) is a dense subset of C2(X) and C1(X) is a nonblock subcontinuum
of C5(X) (Lemma 2.3). O

Question 5.14. Let X be a decomposable continuum. Then does it follow that C1(X) is a

nonblock continuum in Co(X)?

Theorem 5.15. Let X be a decomposable continuum. The following are equivalent:

(1) C1(X) is a nonblock subcontinuum of Co(X);

(2) C1(X) is a shore subcontinuum of Ca(X);

(3) C1(X) is not a strong center of Ca(X).
Proof. By Lemma 2.4, we only need to show that (3) implies (1). Let A and B be proper
subcontinua of X such that X = AUB. Leta € A\ Band be B\ A. Let U and V be open
subsets of X such that a e U CClx(U) C X\ Band be V C Clx(V) C X \ A. We define:

L= (Clx(U),B) U(A,Clx(V)).

Note that £ is a compact subset of Co(X) \ C1(X) and (U,V) C L. Using order arcs is not
difficult to prove that £ is arcwise connected.

We see that ke, (x)\c,(x)(L) is a dense subset of Ca(X)\ C1(X), for each L € L. Let L € £
and let U be an open subset of Co(X)\C1(X). Since C1(X) is not a strong center of Cy(X), there
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exists a subcontinuum S of Co(X)\ C1(X) such that SNU # @ and SNInte,(x)(£) # F. Hence,
LU S is a subcontinuum of Co(X) \ C1(X) containing L. Therefore, LUS C key(x)\ oy (x) (L)
and Ko, (x)\cy(x)(L) is a dense subset of C2(X) \ C1(X). We have that C1(X) is a nonblock
subcontinuum of Cy(X) (Lemma 2.3). O
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